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Introduction 

0.1. The goal of this paper. This goal of this paper is to describe work-in-progress by 
D. Arinkin, V. Drinfeld and the author towards the proof of the (categorical) geometric 
Langlands conjecture. 

The contents of the paper can be summarized as follows: we reduce the geometric Langlands 
conjecture to a combination of two sets of statements. 

The first set is what we call "quasi-theorems." These are plausible (and tractable) statements 
that involve Langlands duality, but either for proper Levi subgroups, or of local nature, or both. 
Hopefully, these quasi-theorems will soon turn into actual theorems. 

The second set are three conjectures (namely, Coniectures l8.2.9ll9.3.7l and ll0.2.8[) . all of which 
are theorems for GL2 (and nearly so for G = GL„). However, these conjectures do not involve 
Langlands duality: Conjecture 18.2.91 only involves the geometric side of the correspondence, 
and Conjectures 19.3.71 and 110.2.81 only the spectral side. 

0.2. Strategy of the proof. In this subsection we will outline the general scheme of the 
argument. We will be working over an algebraically closed field k of characteristic 0. Let X be 
a smooth and complete curve over k, and G a reductive group. We let G denote the Langlands 
dual group, also viewed as an algebraic group over k. 

0.2.1. Formulation of the conjecture. The categorical geometric Langlands conjecture is sup- 
posed to compare two triangulated (or rather DC categories). One is the "geometric side" that 
has to do with D- modules on the stack Bun^ of G-bundles on X. The other is the "spectral" 
(or "Galois" ) side that has to do with quasi-coherent sheaves on the stack LocSysg on G-local 
systems on X. 

In our formulation of the conjecture, the geometric side is taken "as is." I.e., we consider 
the DG category D-mod(Bunc) of D- modules on Bung. We refer the reader to |DrGa2] for 
the definition of this category and a discussion of its general properties (e.g., this category is 
compactly generated for non-tautological reasons) . 

A naive guess for the spectral side is the DG category QCoh(LocSys C j). However, this guess 
turns out to be slightly wrong, whenever G is not a torus. A quick way to see that it is wrong 
is via the compatibility of the conjectural geometric Langlands equivalence with the functor of 
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Eisenstein series, see Property Ei stated in Sect. 16.4.81 Namely, if P is a parabolic of G with 
Levi quotient M , we have the Eisenstein series functors 

Eisp : D-mod(Bunjvj) — > D-mod(BunG) and Eis Pspcc : QCoh(LocSys A/ ) — > QCol^LocSysg), 

that are supposed to match up under the geometric Langlands equivalence (up to a twist 
by some line bundles). However, this cannot be the case because the functor Eisp preseves 
compactness (see |DrGa3j ). whereas Eis P c does not. 

Our "hx" for the spectral side is designed to make the above problem with Eisenstein series 
go away in a minimal way (see Proposition I6.4.7|) . We observe that the non-preservation of 
compactness by the functor Eis P cc has to do with the fact that the stack LocSysg is not 
smooth. Namely, it expresses itself in some coherent complexes on LocSysg. being non-perfect. 

Our modified version for the spectral side is the category that we denote 

IndCoh N . lp gob (LocSysg), 

see Sect. 13.3.21 It is a certain enlargement of QCoh^LocSysg), whose definition uses the fact 
that LocSysg. is a derived locally complete intersection, and the theory of singular support of 
coherent sheaves for such stacks developed in [AG] . 

0.2.2. Idea of the proof. The idea of the comparison between the categories D-mod(Bung) and 
IndCoh Nilpg iob (LocSysg) pursued in this paper is the following: we embed each side into a more 

tractable category and compare the essential images. 

For the geometric side, the more tractable category in question is the category that we denote 
Whit(G, G) cxt , and refer to it as the extended Whittaker category; the nature of this category 
is explained in Sect. 10. 2 ."31 below. The functor 

D-mod(Bun G ) -> Whit(G,G) 0Xt 

(which, according to Conjecture 18.2.91 is supposed to be fully faithful) is that of extended 
Whittaker coefficient, denoted coeff^g. 

For the spectral side, the more tractable category is denoted Glue(G) S p C c, and the functor 

IndCoh Nilp giob(LocSyS(5) -)■ Glue(G) spcc 

by Glue(CT™p C ) (which is supposed to be fully faithful by Conjecture 19.3. 7p . The idea of the 
pair (Glue(G) sp ec,Glue(CT™^ c )) is explained in Sect. KT2~1 

We then claim (see Quasi-Theorem 19.4.21 and 19.4.51) that there exists a canonically defined 
fully faithful functor 

L™« tOXt : Glue(G) spoc -> Whit(G, G) cxt . 
Thus, we have the following diagram 

Glue(G) spcc ~~ > Whit(G,G) cxt 



(0-1) Glue(CTj^ c )T 

IndCoh Ni , giob (LocSysg ) D-mod(BmiG ) , 

with all the arrows being fully faithful. 

Assume that the essential images of the functors 
(0.2) L^ cxt o Glue(CT™ h c ) and coeffg^ 
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coincide. We then obtain that diagram (|0.1j) can be (uniquely) completed to a commutative 
diagram by means of a functor 

Lg : IndCoh Nilpg iob(LocSys ( j) — > D-mod(BunG), 

and, moreover, Lq is automatically an equivalence. 

The required fact about the essential images of the functors (|0.2p follows from Conjec- 
ture HUSH 

0.2.3. The extended Whittaker category. The extended Whittaker category Whit(G, G) cxt is 
defined as the DG category of D- modules on a certain space (prestack), by imposing a certain 
equivariance condition. It may be easiest to explain what Whit(G, G) ext is via an analogy with 
the classical adelic picture. 

Assume for simplicity that G has a connected center. Consider the adelic quotient 
G(A)/G(0). Let ct)(K) denote the set of characters of the adele group AT (A) (here N is the 
unipotent radical of the Borel group B) that are trivial on N(K) C N(A) (here K denotes the 
global held corresponding to X). The set d)(K) is naturally acted on by the Cartan group 
T(K) by conjugation. 

The space of functions which is the analog of the category Whit(G, G) cxt is the subspace of 
all functions on the set 

G(A)/G(0) x dj(JT) 
that satisfy the following two conditions: 

. f(t-g,Ad t (x))=f(g,x), teT(K), g e G(A)/G(0), x e ct>(K). 

• f(n-g, X ) = x(n)-f(g,x), 9 e G(A)/G(0), X^ct)(K), neN(A). 
The analog of the functor coeff^ G is the map from the space of functions on 

G(K)\G(A)/G(0) 

that takes a function / to 

fi9,x)-= J 7{n-g)- X -\n). 

N(K)\N(A) 

By construction, the category Whit(G, G) ext is glued from the categories that we denote 
Whit(G, P) (here P is a parabolic in G) and call "degenerate Whittaker categories." In the 
function-theoretic analogy, for a parabolic P, the category Whit(G, P) corresponds to the sub- 
space of functions supported on those characters \ S cf)(iT ) that satisfy: 

• X is non-zero on any simple root subgroup corresponding to roots inside M; 

• X is zero on any simple root not in M. 

One can rewrite this subspace as the space of functions / on the set G(A) /G(O) that satisfy 

• / is invariant with respect to the subgroup Zm(K); 

• / is invariant with respect to N(P)(A), where N(P) is the unipotent radical of P; 

• / is equivariant with respect to N(M)(A) against a fixed non-degenerate character, 
where N(M) := N n M and M is the Levi subgroup of P. 
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In particular, the "open stratum" in Whit(G, G) GXt is a version of the usual Whittaker 
category Whit(G, G) (with the imposed extra condition of equivariance with respect to the 
group of rational points of Zq). 

The other extreme is the "closed stratum" , which is the principal series category denoted 
I(G, B). The latter is the analog of the space of functions on the double quotient 

T{K) ■ N(h)\G(k)/G{&). 

The functor coeff^fg can be thus thought of as taking for each parabolic the corresponding 
functor of constant term, and then taking the non-degenerate Whittaker coefficients for the 
Levi. 

The category Whit(G, G) cxt is more tractable than the original category D-mod(Bun<3) be- 
cause it is comprised of the categories Whit(G, P), each of which is a combination of local 
information and that involving a proper Levi subgroup. 

0.2.4. The glued category on the spectral side. The category Glue(G) sp ec is defined by explicitly 
gluing certain categories 

Fp-mod(QCoh(LocSySp)), 
where P runs through the poset of parabolic subgroups of P. 

Each category Fp-mod(QCoh(LocSysp)) is defined as follows. We consider the map 

Pp.spcc : LocSysp -)• LocSys 6 , 

and Fp-mod(QCoh(LocSySp)) is the DG category of quasi-coherent sheaves on LocSys P 
equipped with a connection along the fibers of the map pp spcc . 

The gluing functors, and the functor Glue(CT™^ c ) are defined naturally via pull-back, see 
Sect. 19.31 for details. 

To explain the reason why the category Glue(G) spoc is more tractable than the original 
category IndCoh Nilpg iob (LocSysg), let us consider the "open stratum", i.e., the category 

F ( j-mod(QCoh(LocSys ( 5)) = QCohfLocSysg). 

We claim that this category embeds fully faithfully into the "open stratum" on the geometric 
side, i.e., the category Whit(G, G). This results by combining the following two results: 

One is Proposition 14.3.41 that says that the category QCoh(LocSyS(j) admits a fully faithful 
functor 

co-Loc^ spoc : QCoh(LocSys e ) Rep(G) Ran(J0 , 

where Rep(G) Ran (x) is a version of the category Rep(G) spread over the Ran space of X. 

The second is a geometric version of the Casselman-Shalika formula, Quasi-Theorem 
15.10.21 that says that Whit (G,G) is equivalent to a category obtained by slightly modifying 
R-ep(G) Ran (jss:). 



The notation "co-Locg spec " is not intended to suggest that this functor is a co-localization in the sense of 
category theory (i.e., admits a fully faithful left adjoint). Rather, it is the right adjoint to a functor Locg. spec , 
which is a localization- type functor in the sense of IBB| . The latter happens to be a localization in the sense of 
category theory as its right adjoint, i.e., co-Locg spcc is fully faithful. 
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0.2.5. Comparing the essential images. Finally, let us comment on the last step of the proof, 
namely, the comparison of the essential images in diagram (|0.1|) . 

The idea is to show that there exist two families of objects 



J a G IndCoh 



Nilp? 



.(LocSysg) and M Q G D-mod(BunG), 



parameterized by the same set A, such that 

• The objects £F a generate IndCoh Nilpg iob (LocSysg); 

• The objects M a generate D-mod(Bunc); 

• For each a G A we have an isomorphism 



tt Whit° 
^G,G 



Glue(CT™ h c )(^) 



coeffcc 



(M a ). 



We construct the required families 3^ and M a as follows. By induction on the rank, we can 
assume that the geometric Langlands conjecture holds for proper Levi subgroups of G. Then 
Quasi- Theorem 16.7.21 implies that for a proper parabolic P with Levi quotient M, we have a 
diagram 



Glue(G) spc 

Gluo(CT^ ( 

IndCoh Nilp gob (LocSysg) 

Eis P,spoc| 

IndCoh Nilpg iob (LocSys^) 



-> Whit(G,G) e 



D-mod(BunG) 

|Eisp 

D-mod(BunM) 



that commutes up to a self-equivalence of D-mod(Bunj\/). Here EiSp spoc and Eisp are the 
Eisenstein series functors on the spectral and geometric sides, respectively. 

However, the essential images of the functor Eis P spoc (resp., Eisp) for all proper parabolics 
P are not sufficient to generate the category IndCoh Nilp giob(LocSyS(j) (resp., D-mod(Bun<3)). 

Namely, on the spectral side we are missing the entire locus of irreducible local systems, and on 
the geometric side the full subcategory D-mod(BunG) cusp corresponding to cuspidal objects. 

Another family of objects is provided by the commutative diagram 



Glue(G) s 



Whit cxt 



Whit(G, G) c 



Glue(CT^ c ) 



(0.3) 



IndCoh N . lpg iob (LocSys 6 ) 



cocff^g 



D-mod(Bun<3) 



q-Hitch A / 



QCoh(Op(G)s 1 / ob ) 
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Here QCoh(Op(G) A ° b ) is the scheme of global opers on the curve X with specified singular- 
ities (encoded by the index X 1 ), see Sect. flOl 

The functor (v\i)* is that of direct image with respect to the natural forgetful map 

v A i : QCoh(Op(G)f I ob ) -> LocSys 6 . 

The functor q-Hitch A i is obtained by generalizing the construction of [BD2] that attaches 
objects in D-mod(BunG) to quasi-coherent sheaves on the scheme of opers. 

Now, the essential images of the functors Eisp (for all proper parabolics P) and those of the 
functors q-Hitch A j do generate D-mod(BunG) by Theorem II 1.1. II 

The generation of IndCoh Nilpg iob (LocSysg) by the essential images of the functors Eis P spoc 

and (v A /)* follows from Conjecture 110.2.81 

0.2.6. Summary. One can summarize the idea of the proof as playing off against each other the 
operations of taking the (extended) Whittaker coefficient and the Beilinson-Drinfeld construc- 
tion of D-modules on Bung via opers, and tracing through the same operations on the spectral 
side. 

We should remark that the compatibility of the two operations on the geometric and spectral 
sides is the limiting case of the more general quantum Langlands phenomenon. 

We also emphasize that this idea was present and explored in the papers [H] Sect. 6.4] 
and [Stoj : these papers record part of the research in this direction, carried out by B. Feigin, 
E. Frenkel and A. Stoyanovsky in the early 90's. 

0.3. Other approaches to the construction of the functor. 

0.3.1. The Drinfeld-Laumon approach: the case of an arbitrary group. Let G be still an arbi- 
trary reductive group. Let 

LocSysg rcd -4 LocSys 6 

be the embedding of the locus of irreducible local systems. By a slight abuse of notation we 
shall denote by j* the functor 

QCoh(LocSys 1 ( | rcd ) -> QCoh(LocSy S(5 ) -> indCoh Nilpg i„ b (LocSysg). 
The resulting functor 

L G oj»: QCoh(LocSys£ rcd ) -> D-mod(Bun G ) 

can be described as follows: 

Starting from J e QCoh(LocSysg red ), we regard it as an object of Glue(G) spe c extended by 
zero from the "open stratum" 

QCol^LocSysg) ^ Glue(G) spe c- 

Applying the functor 

h™f xt : Glue(G) spcc -> Whit(G,G) cxt , 
we obtain an object extended by zero from the "open stratum" 

Whit(G, G) <^> Whit(G, G) cxt . 

^In fact, the difference between the two categories QCoh(LocSys ( j) and IndCoh N;lpg i ob (LocSysg) disappears 
once we restrict to LocSysJj red . 
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I.e., we do not need to worry about constant terms and gluing; our sought-for object of Bun G 
will be cuspidal, and thus will only have non-degenerate Whittaker coefficients. 

One can interpret the Drinfeld-Laumon approach (which takes its origin in the classical 
theory of automorphic functions) as attempting to prove directly that the above object 

L G,G tOXt ° 3*{$) G Whit(G,G) oxt 

uniquely descends to an object 

L G ° 3* (90 6 D-mod(Bun G ). 

The difference between this approach and one in the present paper is that instead of proving 
the descent statement mentioned above for an arbitrary f £ QCoh(LocSys G Icd ), we do it on 
the set of generators of that category. These are given as direct images 

v A , (J), J £ QCoh(Op(G)f J ob ' irrcd ). 

For such objects descent is proved by pinpointing the corresponding object of D-mod(BunG)- 
Namely, it is one given by the Beilinson-Drinfeld construction, i.e., q-Hitch^i(3 r ). 

0.3.2. The Drinfeld-Laumon approach: the case of GL n . In reality, the Drinfeld-Laumon ap- 
proach as it appears in [Drj . [Laulj and |Lau2] . and developed futher in [FGKV] and |FGV2] . 
is specialized to the case of G = GL n . 

The main feature of this special case is that one can replace the space (prestack) on which 
we realize Whit (G,G) oxt by an actual algebraic stack 0, at the cost of losing fully- faithfulness 
of the functor 

coeffgf : D-mod(Bun G ) -> Whit(G, G) cxt . 

In our notations, the construction of |FGV2] can be interpreted as follows. One introduces 
a certain full subcategory 

Whit(G, G) non - polar;cxt c Whit(G,G) oxt , 

(whose definition only involves usual algebraic stacks). The above inclusion admits a right 
adjoint, denoted 

T : Whit(G, G) oxt -> Whit(G, G) noa - polai ' ext , 
and one considers the functor 

coeffc° G " polar;ext = T o coetrgfc, D-mod(Bun G ) -> Whit(G, G) llon -P olar;oxt . 

The functor cocff G Q Polar ' oxt is no longer fully faithful. However, it has the property that it 
is fully faithful on the subcategory 

D-mod^unG)^ C D-mod(Bun G ), 

o 

where Bun G is the open substack corresponding to G-bundles (i.e., rank n vector bundles) with 
vanishing H , and where the superscript "Z*" denotes the heart of the t-structure. 

Starting from an irreducible n-dimensional local system a on X, one wants to construct the 
corresponding object 

JvLj := L G f(ib <T ) £ D-mod(Bun G ), 
where k a is the sky-scraper at the point a £ LocSys G . 

^This was crucial at the time of writing of FGV2 , as at it was not clear how to define or deal with D-modules 
on arbitrary prestacks. 
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To a one explicitly associates an object of Whit(G, (7) non -P olal '; cxt ; which in our notations is 

(0.4) T o L^f** o Glue(CT™^ c ) o j,(k a ) e Whit(G, G) non - polax ' ext , 

or, by slightly abusing the notation and ignoring the contributions of proper parabolics, 

ToL^ocoLo^Jt), 

One constructs the restriction of M<j to Bung (the connected component of Bunc corre- 
sponding to vector bundles of degree d) for d > by showing that the direct summand of 
(10.41) living over Bun G descends to (=canonically comes as the image under coeff G ° G P ° ar,cxt 
of) an object of D-mod(Bun G ) by making heavy use of the t-structures on D-mod(Bun G ) and 

Whit(G, G)non-polar;e X t i 

0.3.3. The Beilinson-Drinfeld approach via opers. Extending the construction of jBD2 . one 
may attempt to define a functor 

LclQCohCLocSysc) : QCoh(LocSys G ) D-mod(Bun G ) 
by requiring that the diagram 

QCoh(LocSys G ) — >- D-mod(BunG) 




QCoh(Op(G)f J ob ) 

be commutative for every parameter X 1 . 

This would be possible if one knew Conjectures 18.2.91 and 110.5.101 

0.3.4. Beilinson's spectral projector. There exists yet one more approach to the construction of 
the functor 

I-G|QCoh(LocSys G ) : QCoh(LocSys G ) D-mod(Bun G ). 

It is based on the idea that the Hecke functors applied at all points of X comprise an action 
of the symmetric monoidal category QCoh(LocSys G ) on D-mod(Bunc). A precise statement 
along these lines is formulated as Theorem 14.5.21 

This does indeed define the restriction of the functor Lc to 

QCoh(LocSys G ) C IndCoh Nilpg iob(LocSys G ) 

by applying the above action to the object of D-mod(Buncj) that is supposed to correspond 
under L G to OLocSysg G QCoh(LocSys G ). This object is identified in Sect. 15.10.41 



0.4. What is new in this paper? 
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0.4.1. Old and new ideas. Many of the ideas present in this paper are not at all new. 

The basic initial idea is the same one as in the Drinfeld-Laumon approach. It consists of 
accessing the category D-mod(Bunc) through the Whittaker model, while the latter can be 
directly compared to the spectral side. 

The next idea was already mentioned above: it consists of playing off the functors 

coeffcG : D-mod(Bunc) — > Whit(G, G) and Locg : KL(G, crit) Ran (x) — > D-mod(BunG) 

against each other, and comparing them to their counterparts on the spectral side. 

I.e., we want to complete both the Drinfeld-Laumon approach and the Beilinson-Drinfeld 
approach to an equivalence of categories, by comparing them to each other. As was mentioned 
already, the fruitfulness of such a comparison comparison was explored already in [Fr] and [Sto] . 

Among the new ideas one could mention the following ones: (a) the modification of the 
spectral side, given by IndCoh Nilpg iob (LocSys G ); (b) the idea that one can consider D-modules 

on arbitrary prestacks rather than algebraic stacks or ind-algebraic stacks; (c) categories living 
over the Ran space and "local-to-global" constructions they give rise to; (d) contractibility of 
the space of generically defined maps from J to a connected algebraic group. 

All of these ideas became available as a result of bringing the machinery of derived algebraic 
geometry and higher category theory to the paradigm of Geometric Langlands. We learned 
about these subjects from J. Lurie. 

0.4.2. Ind-coherent sheaves and singular support. 

The definition of IndCoh Njlpg iob (LocSys G ) is based on the theory of singular support of 

coherent sheaves on a scheme (or algebraic stack) which is a derived locally complete intersection. 
This theory is developed in jAGj and reviewed in Sect. [2] 

The idea of singular support is also an old one, and apparently goes back to D. Quillen. 
Given a triangulated category C, an object c <E C and an evenly graded commutative algebra A 
mapping to the algebra 

© Extg (c,c), 

i 

it makes sense to say that c is supported over a given Zariski-closed subset of Spec(A). 

When C is the derived category of quasi-coherent sheaves on an affine DG scheme X, we 
take A to be the even part of HH(A), the Hochschild cohomology algebra of X. 

So, at the end of the day, singular support of a coherent sheaf J measures which cohomological 
operations 3" — > £F[2i] vanish when iterated a number of times. 

Futher details are given in Sect. [5] 

0.4.3. D-modules on prestacks. The idea of considering D-modules on prestacks is really an 
essential one for this paper. Here is a typical example of a prestack, considered in Sect. [5] and 
denoted Bun G ~ gcn , which is used in the definition of the category Whit(G, G) ext . 

The prestack Bun G ~ gcn classifies G-bundles on X, equipped with a reduction to the Borel 
subgroup B, defined generically on X. 

The idea to realize Whit(G, G) ext on Bun G ~ gen defined as above was suggested by J. Barlev. 

Of course, for an arbitrary prestack V, the category D-mod(y), although well-defined, will be 
pretty intractable. In the case of Bun G ~ gen , the nice properties of D-mod(Bun G ~ gcn ) are ensured 
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by Proposition 15 . 1 . 31 that says that Bun^" 8 ™ can be realized as a quotient of an algebraic stack 
by a schematic and proper equivalence relation. 

One feature of D-mod(Bunp~ scn ) is that it does not have is a t-structure with the usual 
properties of a t-structure of the category of D-modules on a scheme or algebraic stack. For 
many people, including the author, this is one of the reasons why this category has not been 
considered earlier. 

Another class of examples of prestacks has to do with the Ran space of X, denoted Kan(X), 
which classifies non-empty finite subsets of X. 

0.4.4. Local-to-global. To give an example of a "local-to-global" principle employed in this pa- 
per, we consider the category QCoh(LocSys ( j). This is a "global" object, since the stack 
LocSysg itself is of global nature, as it depends on the curve X. 

The corresponding local category is Rep(G) of algebraic representations of G. We spread it 
over the Ran space and obtain the category, denoted Rep(G) Ran (x), introduced in Sect. 14.21 
The "local-to-global" principle for this case, stated in Proposition 14.3.41 says that there is a 
pair of adjoint functors 

Loc G, sp cc : Rep(G) Ran(X ) <=* QCoh(LocSys (5 ) : co-Lo C(5 spoc 

with the right adjoint co-LoCq spec being fully faithful. 

Hence, we obtain a fully faithful functor from a "global" category to a "local" one, which is 
what we mean by a "local-to-global" principle. 

We will also encounter non-trivial generalizations of the above example in Quasi- Theorems 
16.6.21 and 17.4.21 However, the corresponding "local-to-global" principle will not appear in the 
statements, but rather constitutes one of the steps in the proof, which is not discussed explicitly 
in the paper. 

To explain its flavor, we consider the following example. Consider the natural map 

Ps, sp cc : LocSys^ -> LocSySg . 

We are interested in the category, denoted by F^-mod(QCoh(LocSys i j)), mentioned in 
Sect. 10.2.41 It is equipped with a pair of adjoint functors: 

indp fl : QCoh(LocSys i j) ^ F^-mod^Coh^LocSys^)) : oblvp^, 

The composition oblvp^ o indp^ : QCoh(LocSys i j) — > QCoh(LocSys^) has thus a structure 
of monad (i.e., algebra object in the monoidal category End(QCoh(LocSys i j))). We would like 
to describe this monad in "local" terms. 

The latter turns out to be possible. The answer is given in terms of the Ran version of the 
spectral Hecke stack (see Sect. |4~7TT1) and is obtained by generalizing the construction of |Roj . 

0.4.5. Contractibility. Finally, the contractibility result mentioned in Sect. 10.4 Jl says that if H 
is a connected afhne algebraic group, then the prestack Maps(X, iJ) gcn that classifies maps 
from X to H, defined generically on X , is homologically contractible. 

The latter means that the pull-back functor 

Vect = D-mod(pt) ->• D-mod(Maps(X iJ) gcn ) 

is fully faithful. 

This result is the reason behind the validity of Quasi- Theorem 18.2.101 (fully faithfulness of 
the functor coeffgg-) for GL n . 
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We also note (although this is not used in this paper), that the above-mentioned contractibil- 
ity provides a "local-to-global" principle on the geometric side. Namely, as is explained in [Ga2, 
Sect. 4.1], it implies that the pull-back functor 

D-mod(Bun G ) -> D-mod(Gr GiRan(x) ) 

is fully faithful, where Gr GRan (x) is the Ran version of the affine Grassmannian of the group 
G. 

0.5. Notations and conventions. 

0.5.1. co- categories. Even though the statement of the categorical geometric Langlands con- 
jecture can be perceived as an equivalence of two triangulated categories (rather than DG 
categories), the language of oo-categories is essential for this paper. The main reason they 
appear is the following: 

Some of the crucial constructions in this paper use fact that we can define the (DG) category 
of D-modules (and quasi-coherent sheaves) on an arbitrary prestack. The latter category is, by 
definition, constructed as a limit taken in the oo-category of DG categories, see Sect. f2T77TI 

So, essentially all we need is to have the notion of diagram of DG categories, parameterized 
by some index category (which is typically an ordinary category), and to have the ability to 
take the limit of such a diagram. Now, to have such an ability (and to know some of its basic 
properties) amounts to including |Lu[ Chapters 1-5] into our tool- kit. 

We will not attempt to review the theory of oo-categories here. An excellent review is 
provided by |Lu[ Chapter 1]. So, our suggestion to the reader is to familiarize oneself with 
loc.cit. and start using the theory pretending having a full knowledge of it (knowing the proofs 
from the bulk of [Lu] will not really ehnance one's ability to understand how the theory is 
applied in practice). 

0.5.2. The conventions in this paper regarding oo-categories and DG categories, DG schemes 
and prestacks follow verbatim those adopted in [DrGal] . The most essential ones are: 

(i) When we say "category" by default we mean "(oo, l)"-category. 

(ii) For a category C and objects Ci, C2 G C we shall denote by Maps c (ci, C2) the oo-groupoid 
of maps between them. Wc shall denote by Homc(ci,C2) the set 7To (Maps c (ci , C2)), i.e., Horn 
in the ordinary category Ho(C). 

(iii) All DG categories are assumed to be pretriangulated and, unless explicitly stated otherwise, 
cocomplete (that is, they contain arbitrary direct sums). All functors between DG categories 
are assumed to be exact and continuous (that is, commuting with arbitrary direct sums, or 
equivalently, with all colimits). In particular, all subcategories are by default assumed to be 
closed under arbitrary direct sums. 

(iv) We let Vect denote the DG category of complexes of vector spaces; thus, the usual category 
of fc-vector spaces is denoted by Vect''. 

(v) The category of oo-groupoids is denoted by 00 -Grpd. 



0.5.3. Our conventions regarding DG schemes and prestacks follow verbatim those adopted in 
[DrGalj . Sect. 0.6.8-0.6.9. 
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1. A ROADMAP TO THE CONTENTS 

The structure of the main body of the paper may not make it obvious what role each section 
plays in the construction of the geometric Langlands equivalence, so we shall now proceed to 
describe the contents and main ideas of each section. 

1.1. Singular support and the statement of the geometric Langlands equivalence. 

1.1.1. In Sect. [2] we review the theory of singular support of coherent sheaves. This is needed 
in order to define the spectral side of geometric Langlands. 

We first define the notion of quasi-smooth DG scheme (a.k.a. derived locally complete 
intersection). These are DG schemes for which the notion of singular support is defined. We 
then proceed to the definition of singular support itself via cohomological operations. 

In the next step we review the theory of ind-coherent sheaves, and define the main player for 
the spectral side of geometric Langlands, the category of ind-coherent sheaves with specified 
singular support. We first do it for DG schemes, and then for algebraic stacks. 

In the process we review the construction of QCoh on an arbitrary prestack, and of its 
renormalized version, denoted IndCoh, on an algebraic stack. 

1.1.2. In Sect. [3] we state the geometric Langlands conjecture according to the point of view 
taken in this paper. 

We first take a look at the stack LocSysg and explain why it is quasi-smooth, and describe 
the corresponding stack SingtLocSysg). Then we introduce the spectral side of geometric 
Langlands as the category IndCoh Nilpg iob (LocSysg). 

We state the geometric Langlands conjecture as the existence and uniqueness of an equiva- 
lence 

ha ■ IndCoh Nilpg iob (LocSysg) — > D-mod(BunG) 

satisfying the property of compatibilty with the extended Whittaker model, denoted Wh oxt . 
This property itself will be stated in Sect. M after a good deal of preparations. As part of 
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the statement of the geometric Langlands conjecture we include the compatibility with Hecke 
functors, Eisenstein series, and Kac-Moody localization. 

Finally, we introduce the full subcategory 

D-mod(Bun G )t C mp C D-mod(BunG) 

which under the (conjectural) equivalence L G corresponds to 

QCoh(LocSys G ) C IndCoh N .j pg iob(LocSys G ). 

1.2. Hecke action. 

1.2.1. Sect. @]is devoted to the discussion of Hecke functors on both the geometric and spec- 
tral sides of geometric Langlands. This is needed in order to formulate the property of the 
functor Lg which has been traditionally perceived as the main property satisfied by Langlands 
correspondence, and also for one of the crucial steps in the proof of the existence of Lg (used 
in Sects. I11.2.5llll.2.6j) . 

We begin by discussing what we call the naive geometric Satake. We consider the category 
Rep(G), and consider its version spread over the Ran space, denoted Rep(G) Ran (j(), and the 
pair of adjoint functors 

Loc G,s P cc : Rep(G) Ran(x) <± QCoh(LocSys G ) : co-Loc Gspoc , 

already mentioned in Sect. 10.4.41 

By Proposition 14.3.41 the functor Loc G spoc realizes QCoh(LocSys G ) as a monoidal quotient 
category of Rcp(G) Ran(x) . 

We quote Proposition 14.4.41 which can be regarded as stating the existence of the naive 
geometric Satake functor, denoted 

Sat(G)^x) : Rep(G) Ran(x) -> D-mod(Hecke(G) Ran(x) ). 

The functor Sat(G) R ^ 1 1 ™ JS -- ) defines an action of the monoidal category Rep(G) Ran (js:) on 
D-mod(Bun G ). We then proceed to Theorem 14.5.21 that says that the above action factors 
through an action of the monoidal category QCoh(LocSys G ) on D-mod(Bun<3). 

The property of compatibility of the geometric Langlands equivalence with the Hecke action 
says that L G intertwines the natural action of QCoh(LocSys G ) on IndCoh Nilpg iob (LocSys G ) (by 

pointwise tensor product) with the above action of QCoh(LocSys G ) on D-mod(Bun G ). 

1.2.2. Next we indicate (but do not discuss in full detail) the extension of the naive geometric 
Satake to the full geometric Satake. The latter involves an analog of the Hecke stack on the 
spectral side, and says that the functor Sat(G)^'^ x ^ can be extended to a monoidal functor 

Sat(G) Ran(x) : IndCoh(Hecke(G,spec)^ n(x) )) -> D-mod(Hecke(G) Ran(x) ). 
The functor Sat(G) Ran (x) can be used to intrinsically characterise the full subcategory 

D-mod(Bun(3)tomp C D-mod(Bunc;) 

mentioned above. 
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1.3. Whittaker and parabolic categories. Sects. EE] contain the bulk of the geometric 
constructions in this paper. It is these sections that contain the "quasi-theorems" on which 
hinges the proof of the geometric Langlands conjecture. 

These sections deal with the various versions (i.e., genuine, degenerate and extended) of the 
Whittaker category, and the parabolic category. In each case there is a quasi-theorem that 
describes the corresponding category in spectral terms. Some of the quasi-theorems rely on the 
validity of the geometric Langlands conjecture for proper Levi subgroups of G, and some do 
not. 

1.3.1. The genuine Whittaker category. Sect. [5] is devoted to the discussion of two versions of 
the genuine Whittaker category, denoted Whit(G) and Whit(G, G), respectively. 

In the function-theoretic analogy, the category Whit(G) corresponds to the space of functions 
on G(A)/G(0) x cf)(K) that satisfy 

f(n-9,x)=x(n)-f(g,x), 9 G G(A)/G(<0), n € N{A), 
where \ is a non-degenerate charcater on N(A) trivial on N(K). 

The category Whit(G, G) is a full subcategory of Whit(G), where we impose an extra con- 
dition of invariance with respect to Zq{K). 

In what follows, for simplicity, we will discuss Whit(G). We realize Whit(G) as the category 
of D-modules on a certain prestack satisfying an equivariance condition with respect to a certain 
groupoid against a canonically defined character. 

The prestack in question, denoted Qg, is a version of the prestack Bun^ ~ s ° n mentioned above. 

The difference is that in addition to the data of a generic reduction of our G-bundlc to B, we 

specify the data of (generic) identification of the induced T-bundlc with one induced by the 

i i 
cocharacter 2p from the line bundle wj, where ujx is the canonical line bundle on X, and wj^ 

X 

is its (chosen once and for all) square root. Up to generically trivializing wjjr, the prestack Qq 
identifies with Bung" 6 ™, and its set of /c-points of Qc identifies with the double quotient 

N(K)\G(A)/G{0). 

1.3.2. The definition of the groupoid involved in the definition of Whit(G), denoted N, is 
trickier. At the level of functions, one would like to consider the groupoid 



N(K)\N(A) N( x } G(A)/G(0) 




N(K)\G(A)/G(<0) N(K)\G(A)/G{0), 

N(K) 

where — x — means the quotient by the diagonal action of N(K). (In the above diagram 
the left arrow is the projection on the second factor, and the right arrow is given by the action 
of N(A) on G(A)/G(Q).) 

However, it is not clear how to implement this idea in algebraic geometry, i.e., how to realize 
such a groupoid as a prestack. Instead we use a certain surrogate, whose idea is explained in 
Sect. 15.31 Here we will just mention that it relies on the phenomenon of strong approximation 
for the group N. 
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1.3.3. Whittaker category via the affine Grassmannian. One could also approach the definition 
of Whit(G) slightly differently (and the same applies to the degenerate, extended and parabolic 
versions). Namely, instead of the prestack Qq, we can realize our category as a full subcategory 
of D-mod(Gr G Ran (x)), where Gtq r^x) is the Ran version of the affine Grassmannian. The 
point is that Qg is isomorphic to the quotient of GiQ Rsin ^x ) by the action of the group-prestack 
Maps(X, iV) gen of generically defined maps X —> N. 

This way of realizing Qg gives rise to a more straightforward way of imposing the equivariance 
condition needed for the definition of Whit(G). Q 

In any case, having this other approach to Whit(G) (and its degenerate, extended and 
parabolic versions) is necessary in order to prove its description in spectral terms. 

1.3.4. Spectral description of the Whittaker category. 

The spectral description of Whit(G), given by Quasi- Theorem l5.10.21 says that it is equivalent 
to the unital version of the category Rep(G)R an (jf), denoted Rep(G)J^pq. This is the first 
of the quasi-theorems in this paper, and it is expected to follow rather easily from the already 
known results. 

We note that Quasi-Theorem l5.10.2l is a geometric version of the Casselman-Shalika formula 
that describes the unramified Whittaker model in terms of Satake parameters. 

1.4. The parabolic category. In Sect.|6]we discuss the parabolic category, denoted I(G,P), 
for a given parabolic subgroup P C G with Levi quotient M. 

1.4.1. The idea of the parabolic category. In terms of the function-theoretic analogy, the cate- 
gory I(G, P) corresponds to the space of functions on the double quotient 

M(K) ■ A(P)(A)\G(A)/G(0). 

The actual defintion of I(G,P) uses the prestack Bun^ -8 ™ of G-bundlcs equipped with a 
generic reduction to P. We define I(G,P) to be the category of D-modules on Bun^" 86 " that 
are equivariant with respect to the appropriately defined groupoid. The idea of this groupoid, 
denoted N(P), is similar to that of N, mentioned in Sect. I1.37TI As in the case of Whit(G), we 
can alternatively define I(G, P) using the Ran version of the affine Grassmannian. 

The forgetful functor 

I(G,P) -> D-mod(Bun£~ gcn ) 
is actually fully faithful due to a unipotence property of the groupoid N(P). 

We note that in addition to the prestack Bun^ -8 ™, we have the usual algebraic stack Bunp 
classifying P-bundles on X . There exists a naturally defined map 

unp — > Bun G , 

that defines a bijection at the level of fc-points. We can think of Bun^' 8 ™ as decomposed into 
locally closed sub-prestacks, with Bunp being the disjoint union of the strata. Accordingly, we 
have a conservative restriction functor 

v P : D-mod(BunQ~ 8cn ) — > D-mod(Bunp), 



The price that one has to pay if one uses only this approach in the case of the parabolic category I(G, P) is 
that the definition of the functors of enhanced Eisenstein series and constant term becomes more cumbersome. 
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and we can think of D-mod(BunQ~ s ° n ) as glued from D-mod(Bunp) on the various connected 
components of Bunp in a highly non-trivial way. For the above restriction functor we have a 
commutative diagram 

l(G,P) ► D-mod(Bun M ) 

[ 

D-mod(Bun£- gon ) ~~ ) D-mod(Bun P ), 

with fully faithful vertical arrows, which is moreover a pull-back diagram. Here the right vertical 
arrow is the functor of pull-back along the projection qp : Bunp — ¥ Bun^./; it is fully faithful, 
since the map qp is smooth with contractible fibers. 

1.4.2. Eisenstein and constant term junctors. The category I(G,P) is related to the category 
D-mod(Bunc) by a pair of adjoint functors 

Eis^ 11 : I(G, P) *± D-mod(Bun G ) : CTp nh , 

that we refer to as enhanced Eisenstein series and constant term functors. 

These functors are closely related (but carry significantly more information) than the corre- 
sponding "usual" Eisenstein and constant term functors 

Eisp : 1{G,P) V± D-mod(Bun G ) : CT P , 

defined by pull-push along the diagram 

Bunp 



Bung Bunjv/ . 

For example, the functor CTp is the composition of the functor CTp° , followed by the 
restriction functor (the top horizontal arrow in the diagram (jl.ip ). 

1.4.3. Parabolic category on the spectral side. We now discuss the spectral counterpart of the 
above picture. For the "usual" Eisenstein series functor, the picture is what one would naively 
expect. We consider the diagram 

LocSySp 

Pp,apec 

LocSys G LocSys^ . 

and the corresponding pull-push functor 

Eis p, sp ec : IndCoh Nilp |ob(LocSys^) -> IndCoh Nilp gob(LocSys G ). 
The geometric Langlands equivalence is supposed to make the following diagram commute: 
IndCoh NilpE iob(LocSys G ) — Lg > D-mod(Bun G ) 

Eisp 

IndCoh Nil g iob(LocSys A f) ^ M > D-mod(BunM ), 
up to a twist by some line bundles. 




Eis P, B poc 
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The situation with enhanced Eisenstein series is more involved and more interesting. First, 
we need to give a spectral description of the category I(G,P). As is natural to expect, for the 
latter we need to assume the validity of the Langlands conjecture for the group M. 

First, we consider the appropriate modification of QCoh(LocSySp) given by the singular 
support condition. We denote the resulting category by IndCoh Nil g iob (LocSys P ). Next, we 
consider the map 

Pp, sp cc : LocSySp -> LocSysg, 

and we consider the category of objects of IndCoh N11 g iob(LocSys P ), endowed with a right action 

Pp 

of vector fields on LocSys P along the (derived) fibers of the map p P spcc . We denote this category 
by ' ' ' " 

Fp-mod(IndCoh Nilp giob (LocSys P )) 

(the notation F p stands for the monad induced by the action of the vector fields mentioned 
above). We have a naturally defined functor, denoted: 

Eisps poc : Fp-mod(IndCoh Nilpg iob (LocSySp)) -> IndCoh Nilpg iob (LocSysg). 

1.4.4. Geometric Langlands equivalence for parabolic categories. 

One of the central quasi-theorems in this paper, namely Quasi-Theorem l6.6.2[ says that we 
have a canonically defined equivalence: 

Lp : Fp-mod(IndCoh Ni , giob(LocSySp)) I(G,P). 
Pp 

It is supposed to be related to the geometric Langlands equivalence for G via the following 
commutative diagram 

IndCoh Nilpg iob (LocSysg) — Lg > D-mod(BunG) 

Eis|f h 

F p -mod(IndCoh giob(LocSySp)) 1{G,P). 
1 Pp 

1.5. Degenerate and extended Whittaker categories. 

1.5.1. Sect. [7]deals with the degenerate Whittaker category, denoted Whit(G, P), and Sect. [8] 
with the extended Whittaker category, denoted Whit(G, G) oxt . The function-theoretic ana- 
logues of these categories were explained in Sect. 10.2.31 

The relevance of the categories Whit(G, P) (as P runs through the set of conjugacy classes of 
parabolics) is that they constitute buliding blocks of the category Whit(G, G) cxt . The category 
Whit(G, G) ext plays a crucial role, being the receptacle of the functor 

coeff (G, G) oxt : D-mod(Bun G ) -> Whit(G, G) cxt . 

As was mentioned earlier, a crucial conjecture (which is a quasi-theorem for GL n ) says that 
the functor coeff (G, G) cxt is fully faithful. This statement is at the heart of our approach to 
proving the geometric Langlands equivalence. 

We omit a detailed discussion of the contents of these two sections as the ideas involved 
essentially combine ones from Sects. [5]and|6l except for the following: 

Recall the set ct)(K ) mentioned in Sect. 10.2.31 The definition as given in loc.cit. is correct 
only when G has a connected center. In general, the definition needs to be modified, see 
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Sect. I8.1[ and involves a certain canonically defined toric variety acted on by T, such that the 
stabilizer of each point is the connected center of the corresponding Levi subgroup. 

1.5.2. The goal of Sect.[9]is to provide a spectral description of the category Whit(G, G) ext . As 
was explained in Sect. 10. 2| this is another crucial step in our approach to proving the geometric 
Langlands conjecture. 

First, we recall the general pattern of gluing of DG categories, mimicking the procedure of de- 
scribing the category of sheaves on a topological space from the knowledge of the corresponding 
categories on strata of a given stratification. 

We observe that, more or less tautologically, the category Whit(G, G) ext is glued from the 
categories Whit(G, P). 

Next, we explicitly construct the glued category on the spectral side, by taking as building 
blocks the categories 

F p-mod(QCoh(LocSySp)) . 
We now arrive at a crucial assertion, Quasi-Theorem [9. 4.21 that says that the glued category 
on the spectral side embeds fully faithfully into Whit(G, G) cxt . 

So far, this Quasi-Theorem has been verified in a particular case (assuming Quasi-Theorem 
16.6.21 for P = B), when we want to glue the open stratum (corresponding to P = G) to the 
closed stratum (corresponding to P — B); this case, however, suffices for the group G = GL-i- 
The proof of Quasi- Theorem l9. 4.21 in the above case is a rather illuminating explicit calculation, 
which we unfortunately have to omit for reasons of length of this paper. 

1.6. Kac-Moody localization. 

1.6.1. Sect.QUldeals with a construction of objects of D-mod(BunG) of a nature totally different 
from one discussed in Sects. [SEl 

The previous sections approach D-modules on Bung geometrically, i.e., by considering vari- 
ous spaces that map to Bun^ and appying functors of direct and inverse image. In particular, 
these constructions make sense not just in the category of D-modules, but also in that of £-adic 
sheaves (modulo the technical issue of the existence of the formalism of ^-adic sheaves as a 
functor of oo-categories). 

By contrast, in Sect. [10] we construct D-modules on Bung "by generators and relations." In 
particular, we (implicitly) use the forgetful functor D-mod(Bunc) — > QCoh(Bunc) (or, rather, 
its left adjoint). More precisely, the construction that we use is that of localization of modules 
over the Kac-Moody algebra (at a given level). 

This construction is needed in order to create the commutative diagram (|0.3I) . which is 
another crucial ingredient in the proof of the geometric Langands conjecture. 

1.6.2. Historically, the pattern of localization originated form |BB] , In |BD2j it was extended 
to the following situation: if we have a group H acting on a scheme Y, and H 1 C H is a 
subgroup, then we have a canonical functor of localization 

H),H')-mod -> D-mod(#'\F), 

where (t), H')-mod is the DG category of ff'-equivariant objects in the DG category f)-mod of 
fj-modules (also known as the DG category of modules over the Harish-Chandra pair (t), H')). 

If one looks at what this construction does in down-to-earth terms, it associates to a (f), H 1 )- 
module a certain quotient of the free D-module, where relations are given by the action of vector 
fields in Y induced by the action of elements of f). 
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1.6.3. In [BD2], this construction was applied to H being the (critical central extension of 
the) loop group ind-scheme £(G) = G((t]), and H' being the group of arcs £ + (G) := Gftj. The 
corresponding category of Harish- Chandra modules is denoted KL(G, crit). Q 

The scheme Y in question is Brnic, x , the moduli space of G-bundles on X with a full level 
structure at a point x. Here we think of kftj as the completed local ring of X at x. We do not 
review this construction in this paper, but rather refer the reader to [BD2]; we should note, 
however, that modern technology allows to rewrite this construction in a more concise way. 

In fact, we need an extension of the above construction to the situation, when instead of 
a fixed point x £ X we have a finite number of points that are allowed to move along X. 
Ultimately, we obtain a functor 

Loc^Ranpc) : KL(G, crit) Ran(x) D-mod(Bun G ). 

A crucial property of the functor Locq is that "almost all D-modules on Bung lie in its 
essential image." The word almost is important here. We refer the reader to Proposition 110.1 .^1 
for a precise formulation. 

We also remark that the functor Locg should be thought of as a quantum case of the functor 

Loc GjSpoc : Rep(G) Ran (x) -> QCoh(LocSys G ), 

mentioned earlier. In fact, the two are the special cases of a family whose intermediate values 
correspond to the situation of quantum geometric Langlands. 

1.6.4. In the rest of Sect. [TU]we review the connection between the category KL(G, crit) Ran (x) 
and the scheme of local opers. The key input is a generalization of the result of [BD2] that 
relates the functor Locg to the scheme of global opers. All of this is needed in order to form 
the diagram (|0.3[) . 

1.6.5. Finally, in Sect. 111! we assemble the ingredients developed in the previous sections in 
order to prove the geometric Langlands conjecture, modulo Conjectures 18.2.91 19.3.71 and 110.2.81 
and the Quasi-Theorems. 

The proof proceeds along the lines indicated in Sect. 10.21 modulo the fact that the last step 
of the proof, namely, one described in Sect. 10.2.51 is a bit of an oversimplification. For the 
actual proof, we break the category D-mod(Bunc) into "cuspidal" and "Eisenstein" parts, and 
deal with each separately. 

2. The theory of singular support 

2.1. Derived locally complete intersections. The contents of this subsection are a brief 
review of [AG1 Sect. 1]. We refer the reader to loc.cit. for the proofs. 

2.1.1. The theory of singular support for coherent sheaves makes substantial use of derived 
algebraic geometry. We cannot afford to make a thorough review here, but let us mention the 
following few facts, which is all we will need for this paper: 

(1) Let A be a CDGA (commutative differential graded algebra) over k, which lives in coho- 
mological degrees < 0. To A one attaches the affine DG scheme Spec(A). If A — >• A' is a 
quasi-isomorphism, then the corresponding map Spec(A') — > Spec(A) is, by definition, an iso- 
morphism of DG schemes. The underlying topological space of Spec(A) is the same as that of 
the classical scheme Spec(H°(A)). The basic affine opens of Spec(A) are of the form Spec(A/), 



KL" stands for Kazhdan-Lusztig, who were the first to systematically study this category in the negative 
level case. 
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where / G H°(A) (more generally, it makes sense to take localizations of A with respect to 
multiplicative subsets of H°(Aj). 

(1') Arbitrary DG schemes are glued from affines in the same sense as in classical algebraic 
geometry. 

(2) There exists a fully faithful functor Sch — > DGSch from classical schemes to derived schemes. 
This functor admits a right adjoint, which we will refer to as taking the underlying classical 
scheme and denote by Y t-» cl Y. For afhne DG schemes the latter functor corresponds to 
sending A to H°(A). In general, it is convenient to have the following analogy in mind "classical 
schemes to derived schemes are what reduced classical schemes are to all schemes." 

(3) The DG category of quasi- coherent sheaves on a DG scheme is defined so that 

QCoh(Spcc(A)) = A-mod, 
the latter being the DG category of all A-modules (i.e., no finiteness assumptions). 

(4) The category of DG schemes admits fiber products: for Spec(Ai) — > Spec(A) <— Spec(A 2 ), 
we have 

Spec(Ai) x Spec(A 2 ) = Spec(Ai ® A 2 ), 

Spoc(A) A 

where the tensor product A\ <g> A 2 is understood in the derived sense (in particular, A\ <g) A 2 

A A 

may be derived even if A, A\ and A 2 are classical). 
(4') A basic non-trivial example of a DG scheme is 

pt x pt, 

v 

where V is a finite-dimensional vector space (considered as a scheme). The above DG scheme 
is by definition Spec(Sym(F*[l])). Here pt := Spec(fc). 

(5) Let 

Y{ Yx 
/' 

Y{ Y 2 

be a Cartesian square of DG schemes with the vertical morphisms quasi-compact and quasi- 
separated. Then the base change natural transformation 

92 ° f* -> /* ° 9i 

is an isomorphism. (Note that the corresponding fact is false in classical algebraic geometry: 
i.e., even if Y\, Y 2 and F 2 ' are classical, we need to understand Y[ is the derived sense.) 

(6) One word of warning is necessary: the category DGSch is not an ordinary category, but 
an cxD-category, i.e., maps between objects no longer form sets, but rather oo-groupoids (in 
the various models of the theory of oo-catcgories the latter can be realized as simplicial sets, 
topological spaces, etc.) 
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2.1.2. We shall now define what it means for a DG scheme Y to be a derived locally complete 
intersection, a.k.a. quasi- smooth. 

The condition is Zariski-local, so we can assume that Y is affinc. 

Definition 2.1.3. We shall say that Y is quasi-smooth if it can be realized as a derived fiber 
product 





Y 


► It 


(2.1) 


I 


1' 




pt - 




where li 


and V are smooth classical schemes. 





More invariantly, one can phrase this definition as follows: 

Definition 2.1.4. A DG scheme Y is quasi-smooth if it is locally almost of finite typeQ and 
for each k-point y S Y , the derived cotangent space T*(Y) has cohomologies only in degrees 
and —1. 

In fact, for Y written as in (|2.1|) . the derived cotangent space at y 6 Y is canonically 
isomorphic to the complex 

t; (s) (v)->t;(u). 

2.1.5. It follows easily from the definitions that a classical scheme which is a locally complete 
intersection in the classical sense is such in the derived sense, i.e., quasi-smooth as a derived 
scheme. 

2.2. The Sing space of a quasi-smooth scheme. 

2.2.1. Let Y be a quasi-smooth derived scheme. We are going to attach to it a classical scheme 
Sing(y) that measures the extent to which Y fails to be smooth. 

Suppose that Y is locally written as a fiber product (I2.ip . Consider the vector bundles 
T*(U)\ai Y and T*(V)\d Y , considered as schemes over cl Y. 

The differential of / defines a map of classical schemes 

(2.2) T*(V)\ c i Y -> T*(U)\.i Y . 

We let Sing(F) be the pre-image under the map (|2.2p of the zero-section cl Y —> T*(11)\ci Y . 
The scheme Sing(y) carries a natural action of the group G m inherited from one on T* (V)\oi Y . 

2.2.2. Explicitly, one can describe fc-points if Sing(y) as follows. These are pairs (y, £), where 
y is a fc-point of Y , and £ is an element in 

ker (df :T;{V)^T;{U)). 

In particular, / is smooth (which is equivalent to Y being a smooth classical scheme) if 
and only if the projection Sing(Y") — > Y is an isomorphism, i.e., if Sing(y) consists of the 
zero-section. 



This means that the underlying classical scheme Y is locally of finite type over k, and the cohomology 
sheaves H l {Oy) are finitely generated over H°(Oy) = Ociy 
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2.2.3. More invariantly, one can think of £ as an element in the vector space 

h-\t;(y)). 

This implies that Sing(y) is well-defined in the sense that it is independent of the presentation 
of Y as a fiber product as in (|2.1j) . In particular, we can define Sing(F) for Y not necessarily 
affine. 

2.3. Cohomological operations. 

2.3.1. Let Y be a quasi-smooth DG scheme written as in (I2.1[) . Let us denote by V the tangent 
space of V at the point v, and let V* be its dual, i.e., the cotangent space. 

We claim that for every J G QCoh(Y) there is a canonically define map of graded algebras 

(2.3) Sym(F) -> © Hom QCoh(F) (J, 

i 

where we set deg(V) = 2. 

We shall define (|2 .3[) in the framework of the following geometric construction. 

2.3.2. First, we consider the derived fiber product 

pt x pt . 

v 

This is a groupoid over pt, i.e., a derived group-scheme (a group object in the category of 
derived schemes). 

In particular, the category 

QCoh(pt x pt) 

v 

acquires a monoidal structure given by convolution. 

The unit in this category is fc p t, the direct image of k G QCoh(pt) under the diagonal 
morphism 

pt — > pt x pt . 

v 

2.3.3. We claim that the derived group-scheme pt x pt canonically acts on Y. This follows 

v 

from the next diagram 



Y x Y 
u 




pt pt . 



in which both squares are Cartesian. 
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2.3.4. In particular, we obtain that the category QCoh(Y") acquires an action of the monoidal 

category QCohfpt x pt). 

v 

Hence, every 3 G QCoh(Y") acquires an action of the algebra of the endomorphisms of the 

unit object of QCoh(pt x pt), i.e., we have a canonical map of graded algebras 

v 

© Hom QCoh(pt x p t )(fcp t , kp t [i]) -> © Horn (J, 

i v i 

2.3.5. Finally, to construct the map (|2.3j) we notice we have a canonical isomorphism of graded 
algebras 

Sym(F) © Hom QCoh ( pt x pt )(fc P t, VW)- 

i v 

2.4. The singular support of a coherent sheaf. The material of this subsection corresponds 
to the combination of |AG( Sects. 4.1 and 5.4]. We refer the reader to loc.cit. for the proofs of 
the statements quoted here. 

2.4.1. We continue to assume that Y is a quasi-smooth DG shceme written as (|2.ip . Note that 
by construction, Sing(F) is a conical Zariski-closed (=G m -invariant) closed subset in cl Y x V* . 

From (|2.3p . we obtain that for G QCoh(T) we have a map of graded commutative algebras 

(2.4) T( cl Y x V*,0oi YxV *)~T(Y,0ei Y ) ®Sym(V) -> © Hom QCoh(y) (J,r[i]). 

i 

We have the following assertion: 

Lemma 2.4.2. Let f G T( cl Y x V* ,Qci YxV *) be a homogeneous element that vanishes when 
restricted to Sing(Y~). Then some power of f belongs to the kernel of the map (|2.4p . 

The above lemma allows to define the notion of singular support of coherent sheaves. 

2.4.3. Let Coh(y) C QCoh(F) be the full subcategory that consists of coherent sheaves. 
I.e., these are objects that have only finitely many non-zero cohomologies, and such that each 
cohomology is finitely generated over 0d Y - 

Definition 2.4.4. The singular support of "£F is the conical Zariski-closed subset 

sing. supp. (?) G cl Y x V*, 
corresponding to the ideal, given by the kernel of the map (|2.4|) . 
Note that by Lemma r2.4.2[ we automatically have 

sing. supp. (J) C Sing(T), 
as Zariski-closed subsets of cl Y x V* . 

2.4.5. Dually, given a conical Zarsiki-closed subset N C Sing(T), we let 

Coh^(T) G Coh(T) 

be the full subcategory, consisting of objects whose singular support is contained in N. 

By definition, for 3 G Coh(Y"), we have 3 G Cohn(T) if and only if for every homogeneous 
element / G T( cl Y x V* , 0d YxV ,) such that f\w = 0, some power of / lies in the kernel of 

flgH) . 
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2.4.6. We have the following assertion: 

Proposition 2.4.7. For J G Coh(F), the subset sing, supp.^) C Sing(F) is independent of 
the choice of presentation of Y as in (|2.1[) . 

Thus, the notion of singular support of an object of Coh(y) and the category Cohjsf(y) make 
sense for any quasi-smooth DG scheme (not necessarily affinc). 

In addition, we have: 

Proposition 2.4.8. For G Coh(y), its singular support is the zero-section {0} G Sing(y) if 
and only if J is perfect. 

2.5. Ind-coherent sheaves. The material in this subsection is a summary of [Ga3, Sect. 1]. 

2.5.1. Let Y be a quasi-compact DG scheme almost of finite type. We consider the DG 
category IndCoh(F) to be the ind-completion of Coh(F). 

I.e., this is a cocomplete DG category, equipped with a functor Coh(y) — > IndCoh(y), which 
is universal in the following sense: for a cocomplete DG category C, a functor 

Coh(y) c 

uniquely extends to a continuous functor IndCoh(F) — > C. 

One shows that the functor Coh(y) — > IndCoh(F) is fully faithful and that its essential 
image compactly generates IndCoh(y). 

By the universal property of IndCoh(y), the tautological embedding Coh(y) =-> QCoh(y) 
canonically extends to a continuous functor 

(2.5) * Y : IndCoh(y) QCoh(F). 

Note however, that the functor ()2.5p is no longer fully faithful. 

Another crucial piece of structure on IndCoh(y) is that we have a canonical action of 
QCoh(y), regarded as a monoidal category, on IndCoh(F). It is obtained by ind-extending 
the action of QCoh(F) pe on Coh(Y) be tensor products. 

2.5.2. Suppose now that Y is eventually coconnective, which means that its structure sheaf 
has finitely many non-zero cohomologies. For example, any quasi-smooth DG scheme has this 
property. 

In this case we have an inclusion QCoh(y) pcrf C Coh(F) as full subcategories of QCoh(F). 

By the functoriality of the construction of forming the ind-completion, we have a naturally 
defined functor 

(2.6) Ind(QCoh(r) pcrf ) ->• IndCoh(F). 

Note, however, that by the Thomason-Trobaugh theorem (see, e.g., |Ne] ) . the natural functor 

Ind(QCoh(r) pcrf ) -> QCoh(F) 

is an equivalence. 

Hence, from (|2.6[) we obtain a functor 

(2.7) Z Y : QCoh(F) -> IndCoh(F). 

It follows from the construction, that the functor (|2.7|) is fully faithful and provides a left 
adjoint of the functor (|2.5j) . 
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Thus, we obtain that QCoh(F) is a co-localization of IndCoh(F). I.e., IndCoh(F) is a 
"refinenement" of QCoh(y). 

Of course, if Y is a smooth classical scheme, there is no difference between QCoh(F) pcrf and 
Coh(y), and the functors (|2.5p and (|2.7j) are mutually inverse equivalences. 

2.6. Ind-coherent sheaves with prescribed support. The material of this subsection cor- 
responds to [AG | Sect. 4.1-4.3]. 

2.6.1. Assume now that Y is quasi-smooth. In a similar way to the definition of IndCoh(Y), 
starting from Coh^s(Y), we construct the category IndCohj^(F). 

As in the case of IndCoh(F), we have a canonical monoidal action of QCoh(y) on 
IndCoh w (T). 

We recover all of IndCoh(y) by setting INT = Sing(Y). 

2.6.2. Note that by Proposition 12.4.81 for J\f being the zero-section {0} C Y we have 

Coh {0} (y) = QCoh(Y)P crf , 

so 

IndCoh {0} (y) ~ Ind(QCoh(r) pcrf ) ~ QCoh(F), 
and we have tautologically defined fully faithful functors 

QCoh(y) ~ IndCoh {0} (T) ^ IndCohj^F) ^ IndCoh(F), 
whose composition is the functor (|2.7[) . 

We shall denote the above functor QCoh(F) — > IndCohj^Y) by 5y>f, and its right adjoint 
(tautologically given by # Y |i n dCoh N (r)) by 

2.6.3. The category IndCoh^Y") will be the principal actor on the spectral side of the geo- 
metric Langlands conjecture. 

2.7. QCoh and IndCoh on stacks. This subsection makes a brief review of the material of 
|GL:QCo"h"l Sects. 1.1, 1.2, 2.1 and 5.1] and |Ga3[ Sects. 10-11] relevant for this paper. 

2.7.1. For later use we give the following definition. Let y be a prestack, i.e., an arbitrary 
functor 

(DGSch aff ) op -> oo-Grpd. 
We define the category QCoh(y) as 

Urn QCoh(S'), 

where the inverse limit is taken over the category of affine DG schemes over y. 

I.e., informally, an object 5F 6 IndCohj^y) is an assignment for every map S — > y of an 
object 

3 S € QCoh(S), 
and for map / : Si — > S% over y of an isomorphism 

where these isomorphisms must be equipped with a data of homotopy-coherence for higher 
order compositions. 

For a map of prestacks / : yi — > y 2 we have a tautologically defined functor 

r ■■ QCoh(y 2 ) -► QCoh(yi). 
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If / is schematic quasi-compact and quasi-separated (i.e., its base change by a DG scheme 
yields a quasi-compact and quasi-separated DG scheme), the functor /* admits a continuous 
right adjoint, denoted /». 

2.7.2. A prestack y is said to be classical if in the categ ory DGSch^ of affine DG sche mes 
mapping to V the full subcategory Schyi^ is cofinal. I.e., if any map S — > y, where S £ DGSch aff 
can be factored as 

s -> s' -> y, 

where S" is classical, and the category of such factorizations is contractible. 

If y is classical, then the category QCoh(y) can be recovered just from the knowledge of 
QCoh(S') for classical schemes S over y. Precisely, the restriction functor 

QCoh(y) := lim QCoh(S') -> lim QCoh(S') 

SG(DGSch^«)°P 5G(Sch^)°P 

is an equivalence. 

2.7.3. Let now y be a (derived) algebraic stack (see [DrGal, Sect. 1.1] for our conventions 
regarding algebraic stacks). In this case, one can rewrite the definition of QCoh(y) as follows: 

Instead of taking the limit over the category of all affine DG schemes over y , we can replace 
it by a full subcategory 

(DGSch a )/y, smooth, 

where we restrict objects to those y : S — > y for which the map y is smooth, and morphisms to 
those maps / : Si — > S2 over y for which / is smooth. 

2.7.4. Suppose that y is a (derived) algebraic stack locally almost of finite type (i.e., it admits 
a smooth atlas consisting of DG schemes that are almost of finite type). In this case one can 
define IndCoh(y) as 

lim IndCoh(y). 

Se((DGSch aft ) /i( , mootb )°P 

Informally, an object 5F 6 IndCoh(y) is an assignment for every smooth map S — > y of an 
object 

J s € IndCoh(5), 
and for every smooth map / : S± —> S2 over y of an isomorphism 

where these isomorphisms must be equipped with a data of homotopy-coherence for higher 
order compositions. 

2.7.5. If / : yi — > ^2 is a schematic quasi-compact map of algebraic DG stacks (both assumed 
locally almost of finite type), we have a naturally defined continuous push- forward functor 

^indCoh . IndCo i 1 (y 1 ) _j. i n dCoh(y 2 ). 

In addition, if / is an arbitrary map between algebraic DG stacks, there exists a well-defined 
functor 

f : IndCoh(y 2 ) -> IndCoh(y 1 ). 

The functor f' is the right adjoint of /^ ndCoh if / is schematic and proper, and is the left 
adjoint of /i ndCoh if / is an open embedding. 
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The functors of push-forward and !-pull-back satisfy a base change property: for a Cartesian 
square of algebraic DG stacks almost of finite type 

Hi Vi 

4 i' 

with the vertical maps being schematic and quasi-compact, there is a canonically defined iso- 
morphism of functors 

(2.8) s 2 °/r coii ^(/o* idCoh °si- 

Note, however, that unless / is proper or open, there is a priori no map in cither direction 
in (23) . 

Finally, if / is locally of finite Tor-dimension, we also have a functor 

jindcoh,* . IndCoh (y 2 ) indCoh(Vi). 

If / is schematic and quasi-compact then f IndCoh <* is the left-adjoint of /* ndCoh . If / is smooth 
(or more generally, Gorenstein), then the functors /■ and f lndCoh -* differ by a twist by the 
relative dualizing line bundle. 

2.8. Singular support on algebraic stacks. The material of this subsection corresponds to 
pga Sect. 8]. 

2.8.1. Let y be a (derived) algebraic stack. We shall say that y is quasi-smooth if for any DG 
scheme and a smooth map Y —> y, the DG scheme Y is quasi-smooth. 

Equivalently, y is quasi-smooth if it admits a smooth atlas consisting of quasi-smooth DG 
schemes. 

One can also express this in terms of the cotangent complex of y. Namely, y is quasi-smooth 
if and only if it is locally almost of finite type, and for any fc-point 1/6 7, the derived cotangent 
space T*(y) lives in degrees [—1,1]. (The cohomology in degree 1 is responsible for the Lie 
algebra of the algebraic group of automorphisms of y.) 

2.8.2. For a quasi-smooth derived algebraic stack y, one defines the classical algebraic stack 

Sing(y) -> y 

using descent: 

For a smooth map Y — > y, where Y is a DG scheme, we have 

Y x Sing(y) ~ Sing(Y). 
y 

The fact that this is well-defined relies in the following lemma: 
Lemma 2.8.3. For a smooth map of quasi-smooth DG schemes Y± — > Yi, the natural map 

Yi x Sing(y 2 ) -)• Sing(yi) 

is an isomorphism. 

More invariantly, Sing(F) consists of pairs (y,£), where y G y, and ^ G if _1 (T*(y)). 



28 



DENNIS GAITSGORY 



2.8.4. Let N C Sing(y) be a conical Zariski-closed subset. We define the category IndCohj^y) 
to be the full subcategory of IndCoh(y) introduced in Sect. 12.7.41 defined by the following 
condition: 

An object 9 e IndCoh(y) belongs to IndCoh^(y) if for every Y e DGSch aff equipped with 
a smooth map Y — >• y (equivalently, for some atlas of such Y's), the corresponding object 
3V E IndCoh(F) belongs to 

IndCoh yxN (r) C IndCoh(T). 

2.8.5. By construction, we have a canonically defined action of the monoidal category QCoh(y ) 
on IndCoh H (y). 

By Sect. I2.6T21 we have an adjoint pair of continuous functors 

Sy, N : QCoh(y) «=* IndCoh^(y) : 

with fully faithful. 

3. Statement of the categorical geometric Langlands conjecture 
For the rest of the paper, we fix X to be a smooth and complete curve over k. 

3.1. The de Rham functor. 

3.1.1. The following general construction will be useful in the sequel. Ley y be an arbitrary 
prestack, see Sect. 12.7.11 

We define a new prestack y d r by 

Maps(5, y dr ) = Maps(( d S) reti , y), S G DGSch aff . 

In the above formula ( cl S) re d denotes the reduced classical scheme underlying S. 

3.1.2. For what follows we define the DG category D-mod(y) of D-modules on y by 

D-mod(y) := QCoh(y dr ). 
We refer the reader to |GR| . where this point of view on the theory of D-modules is developed. 
If / : — » is a map of prestacks, we shall denote by the resulting pull-back functor 

P : D-mod(y 2 ) ~> D-mod(yi). 
I.e., /t := (/ dr )*, where / dr : (^) dl -> (y 2 ) dr . 

3.1.3. The following observation makes life somewhat easier: 

Let y be a prestack, which is locally almost of finite type (see [GL:Stacks ( Sect. 1.3.9] for the 
definitiorQ) . In this case we have (see [GR1 Proposition 1.3.3]): 

Lemma 3.1.4. The prestack y dr is classical (see Sect. \2.77S\ for what this means) and locally 
of finite type. 

The upshot of this lemma is that in order to "know" the category D-mod(y) := QCoh(y dr ), it 
is sufficient to consider maps ( cl S) re d — > y, where S is classical and of finite type. In particular, 
we do not need derived algebraic geomtery when we study D-modules. 

3.2. The stack of local systems. The contents of this subsection are a brief digest of |AG( 
Sect. 10]. We refer the reader to loc.cit. for the proofs of the statements that we quote. 

^This is a techincal condition satisfied for the prestacks of interest to us. 



OUTLINE OF THE PROOF OF THE 



GEOMETRIC LANGLANDS CONJECTURE FOR GL 2 29 



3.2.1. Let G be an algebraic group. We let pt/G be the algebraic stack that classifies G- 
torsors. We define the prestacks Bun G (X) and LocSys G (X) by 

Maps(S,Bun G (A)) = Maps(5 x X,pt/G) 

and 

Maps(S,LocSys G (A)) = Maps(5 x X dr ,pt /G). 

Note that we have a natural forgetful map LocSys G (X) — > Bun G (X) corresponding to the 
tautological map X — > Xdi- 

One shows that Bun G (X) is in fact a smooth classical algebraic stack, and that LocSys G (X) 
is a derived algebraic stack. 

As X is fixed, we will simply write Bun G and LocSys G , omitting X from the notation. 

3.2.2. We claim that LocSys G is in fact quasi-smooth. Indeed, the cotangent space at a point 
a G LocSys G is canonically isomorphic to 

T dl (X,g*)[l], 

where g* is the local system of vector spaces corresponding to a and the co-adjoint representa- 
tion of G. 

In particular, the complex Fd r (X, g*)[l] has cohomologies in degrees [—1, 1], as required. 

3.2.3. The same computation provides a description of the stack Sing(LocSys G ): 

Corollary 3.2.4. The (classical) stack Sing(LocSys G ) is the moduli space of pairs (<r, A) where 
a G LocSys G; and A is a horizontal section of the local system q* , associated with the co- adjoint 
representation of G. 

3.2.5. The following property of LocSys G is shared by any quasi-smooth algebraic stack which 
can be globally written as a complete intersection, see |AG[ Corollary 9.2.7 and Sect. 10.4]: 

Lemma 3.2.6. For any conical Zariski- closed subset N G Sing(LocSys G ), the category 
IndCohj^-(LocSys G ) is compactly generated by its subcategory Coh^LocSySj-j). 

3.3. The spectral side of geometric Langlands. From now on we will assume that G is a 
connected reductive group. We let G denote the Langlands dual of G. 

3.3.1. Consider the stack Sing(LocSys G ). We will also denote it by Arth G . This is the stack 
of Arthur parameters. 

Let Nilp^ ob be the conical Zariski-lcosed subset of Arth G corresponding to those pairs (a, A) 
(see Corollary 13. 2 .4[) for which A is nilpotent, i.e., its value at any (equivalently, some) point of 
X lies in the cone of nilpotent elements of g*. 

3.3.2. According to Sect. 12.8.41 we have a well-defined DC category 

IndCoh Nilp gob (LocSys G ). 

This is the category that we propose as the spectral (i.e., Galois) side of the categorical 
geometric Langlands conjecture. 



30 



DENNIS GAITSGORY 



3.3.3. By Sect. I2.8.5[ we have an adjoint pair of functors 

(3.1) : QCoh(LocSys (5 ) <=* IndCoh Nilp gob (LocSysg) : *q 

with Sg fully faithful (we use the subscript "G" as a shorthand for "LocSysg, Nilpg lob "). 
In other words, the category IndCoh NilpE iob (LocSysg) is a modification of QCoh(LocSysg) 

that has to do with the fact that the derived algebraic stack LocSysg is not smooth, but only 
quasi-smooth. 

In particular, the functor Sg becomes an equivalence once we restrict to the open substack of 
LocSysg that consists of irreducible local systems (i.e., ones that do not admit a reduction to a 
proper parabolic). In fact, the equivalence takes place over a larger open substack; namely, one 
corresponding to those local systems that do not admit a unipotent group of automorphisms. 

3.3.4. Finally, note that if G (and hence G) is a torus, then Nilp^ ob is the zero-section of Arthg. 
So, for tori, the spectral side of geometric Langlands is the usual category QCoh(LocSysg). 

3.4. The geometric side. 

3.4.1. We consider the algebraic stack Bung and the corresponding category D-mod(BmiG) 
as defined in Sect. 13.1.21 

The categorical geometric Langlands conjecture says: 

Conjecture 3.4.2. 

(a) There exists a uniquely defined equivalence of categories 

IndCoh Nilpg iob (LocSysg) ^> D-mod(Bunc), 
satisfying Property Wh cxt stated in Sect. \9.4-6\ 

(b) The functor L G satisfies Properties He naivo ; Ei cnh and Km prcl , stated m Sects. \JJ1>\ OEM 
and \ 10.3~h\ respectively. 

3.4.3. In the rest of the paper we will show that Conjecture 13.4.21 can be deduced, modulo a 
number of more tractable results that we call "quasi-theorems" , from three more conjectures, 
namely Conjectures 18.2.91 19.3. 71 and 110.2.81 the former pertaining exclusively to D-mod(BunG), 
and the latter two exclusively to IndCoh Nilpg iob(LocSysg). 

The "quasi-theorems" referred to above are very close to being theorems for G = GLi (and 
we hope will be soon turned into ones for general G). In addition, Conjectures 18.2.91 19.3.71 and 
110.2.81 are also are theorems for G = GL2 (and very close to be such for GL n ). So, we obtain 
that Conjecture 13.4.21 is very close to be a theorem for GL2, and is within reach for GL n . 

The case of an arbitrary G remains wide open. 

3.5. The tempered subcategory. In this subsection we will assume the validity of Conjec- 
ture EX3 

3.5.1. Recall the fully faithful embedding Sg of (|3.1|) . We obtain that the DG category 
D-mod(Bunc) contains a full subcategory which under the equivalence of Conjecture 13.4.21 
corresponds to 

QCoh(LocSysg) IndCoh Nilpg iob (LocSysg). 

We denote this subcategory D-mod(BunG) tcmp . We regard it as a geometric analog of the 
subspace of automorphic functions corresponding to tempered ones. 
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3.5.2. It is a natural question to ask whether one can define the subcategory 

D-mod(BunG)tcmp C D-mod(BunG) 

intrinsically, i.e., without appealing to the spectral side of Langlands correspondence. 

This is indeed possible, using the derived Satake equivalence, see [AG, Sect. 12.7] for a precise 
statement (see also Sect. 14. 6T7I below). 

3.5.3. The equivalence 

QCoh(LocSyS(j) ~ D-mod(Bun<3) te mp 

implies, in particular, that to every fc-point a € LocSys G one can attach an object M CT 6 
D-mod(BunG)temp; moreover is acted on by the group of automorphisms of a. 

3.5.4. However, it is not clear (and perhaps not true) that the assignment 

can be extended to points of Nilpg lob . Indeed, there is no obvious way to assign to points of 
Nilp^ ob objects of IndCoh Nilpg iob . 

I.e., at the moment we see no reason that there should be a way of assigning objects 
of D-mod(Bunc) to Arthur parameters. Rather, what we have is that for an object M £ 
D-mod(BunG), there is a well-defined support, which is a closed subset of Nilpg° b . 

4. The Hecke action 

4.1. The Ran space. 

4.1.1. We define the Ran space Ran(JT) of X to be the following prestack: 

For S G DGSch aff , the co-groupoid Maps (5, Ran(X)) is the set (i.e., a discrete oo-groupoid) 
of non-empty finite subsets of the set 

Maps(5,X dr ) = Maps(( ci S) red ,X). 

Note that by construction, the map Ran(X) — > Ran(JT)<j r is an isomorpism. 

4.1.2. One can right down Ran(X) explicitly as a colimit in PrcStk: 

Ran(X) ~ colim (X 1 )^, 
i 

where the colimit is taken over the category (fSet sur j) op opposite to that of non-empty finite 
sets and surjective maps0. (Here for a surjection of finite sets 1% -» Ji, the map X !l — > X 1 ' 2 is 
the corresponding diagonal embedding.) 



^Thc definition of the Ran space as a colimit was in fact the original definition in IBD1I . The definition from 
Sect. l4~l,ll was suggested in |Bar| . 
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4.1.3. We shall symbolically denote points of Kan(X) by x. For each x € Maps(S l , Ran(X)) 
we let T x be the Zariski-closed subset of S x X equal to the union of the graphs of the maps 
( cl S) re d — > X that comprise x. 

In particular, we obtain an open subset 

S x X - {x} := S x X - TxC S x X. 

In addition, we have a well-defined formal scheme obtained as the formal completion of 
S x X along IV This formal scheme should be thought of as the S-family of formal disc in X 
around the points that comprise x. 

4.1.4. A crucial piece of structure that exists on Ran(X) is that of commutative semi-group 
object in the category of prestacks. The corresponding operation on Maps(5, Ran(X)) is that 
of union of finite sets. We denote the resulting map 

Ran(A) x Ran(A) -> Ran(X) 

by U. 

4.1.5. Another fundamental fact about the Ran space is its contractibility. We will use it its 
weaker form, namely homological contractibility (see [Ga2, Sect. 6] for the proof): 

Proposition 4.1.6. The functor 

Vect = QCoh(pt) ^ QCoh(Ran(X)) 

is fully faithful, where p denotes the projection Ran(X) — > pt. 

(Note also that the fact that the map Ran(X) — > Ran(A) c j r is an isomorphism implies that 
the natural forgetful functor D-mod(Ran(X)) — > QCoh(Ran(X)) is an equivalence.) 

4.2. Representations spread over the Ran space. 

4.2.1. We shall now define the Ran version of the category of representations of G (here G 
may be any algebraic group). In fact we are going to start with an arbitrary prestack y (in 
our case y = pt /G) and attach to it a new prestack, denoted yR an (x), equipped with a map to 
Ran(A). 

Namely, we let an S'-point of yR an (x) to be the data of a pair (x,y), where x is an jS-point 
of Ran(X), and y is a datum of a map 

(B £ ) dr x s^y. 

Sdr 

4.2.2. In order to decipher this definition, let us describe explicitly the fiber of ^B. an (x) over a 
given fc-point x of Ran(X). 

Let x correspond to the finite collection of distinct points x±,...,x n of X. We claim that the 
fiber product 

yRan(X) X Pt 
Ran(X) 

identifies with the product of copies of y, one for each index i. 

This follows from the fact that 2)^ is the disjoint union of the formal discs D Xi . Hence, the 
prestack (D^jdr identifies with the disjoint union of copies of pt, one for each Xi. 
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4.2.3. We set 

QCoh(y) Ran(x) := QCoh(y RanW ). 

We claim that the DG category QCoh(y) Ran ( X ) has a naturally defined structure of (non- 
unital) symmetric monoidal category. 

Namely, consider the fiber product 

VRan(A-) x (Ran(X) x Ran(X)), 

Ran(X) 

where the map Ran(X) x Ran(X) — > Ran(X) is U. 
We have a diagram 

yRan(x) x (Ran(X) x Ran(X)) > ^R an (x) x y Ran (A) 

Ran(Jf) 

id XU 

yRan(X)i 

where the map res corresponds to restricting maps to ^ along 

We define the functor 

QCoh(y Ran(x) ) <g> QCoh(y Ran(x) ) -> QCoh(V Ran(x) ) 
to be the composition 

(id xU)i o (res)*, 

where (id xU)i is the left adjoint of the functor (id xU)*, which is defined due to the properness 
of the map U. 

4.2.4. Thus, we set 

Rep(G) Ran(x) := QCoh(pt/G) Ran(x) := QCoh((pt /G) Ran(x) ). 
We view it as a (non-unital) symmetric monoidal category. 

4.3. Relation to the stack of local systems. 

4.3.1. Note that by construction we have the following diagram of prestacks 

LocSys 6 x Ran(X) > (pt /G) Ran(x) 

(4.1) idxp 

LocSys 6 , 

where the map ev corresponds to restriction of a map to the target pt /G along (X' x )dr — > -Xdr- 
We have a pair of mutually adjoint functors 

(4.2) (id xp)\ o ev* : QCoh((pt /G) Ran( x)) QCoh(LocSySc) : ev* o(id xp)* . 

The left adjoint functor (i.e., (id xp)\ ocv*) has a natural symmetric monoidal structure, where 
the symmetric monoidal structure on QCol^LocSySg) is the usual tensor product. 
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Remark 4.3.2. We note that the diagram (|4.1|) and the functors (|4.2p makes sense more gen- 
erally, when pt /G is replaced by an arbitrary prestack y. In this case instead of LocSysg we 
have the prestack Maps(X ( j r , V), defined so that 

Maps(S , ,Maps(X dl .,y)) = Maps(S x X dT ,})). 

4.3.3. We denote 

Loc G,s P cc : = ( id ><P)l ° ev * and c °- Loc g,s P oc : = ev * °( id x p)*- 
We have the following result: 
Proposition 4.3.4 (joint with J. Lurie, unpublished). The functor 

co-Locg : QCohfXocSysg) -> QCoh((pt /G) Ran(x) ) = Rep(G) Ran(Jf) 
is fully faithful. 

Thus, Proposition 14.3.41 realizes a "local-to-global" principle for LocSysg, namely, it embeds 
the "global" category QCot^LocSysg) into a "local" one, namely, Rep(G) Ran (x). 

Remark 4.3.5. The assertion of Proposition 14.3.41 is valid more generally, when the stack pt /G 
is replaced by an arbitrary quasi-compact derived algebraic stack y locally almost of finite type 
with an afhne diagonal. 

4.4. Hecke action. 

4.4.1. We define the Ran version of the Hecke stack Hecke(G) Ran (x) as follows: its S'-points 
are quadruples (x, 7 G , Tq, f3), where x is an S-point of Ran(X), T G and are two S'-points 
of Bung, and (3 is the isomorphism of G-bundles 

<— — ► 

We let h and h denote the two forgetful maps Hecke(G) Ran (j(:) — > Buna- 

4.4.2. We claim that the category D-mod(Hecke(G) Ran (js:)) has a naturally defined monoidal 
structure, and that the resulting monoidal category acts on D-mod(Bunc). 

These two pieces of structure are constructed by pull-push as in Sect. l4.2!3"l using the diagrams 
Hecke(G) Ran(x) x Hecke(G) Ran(X ) > Hecke(G) Ran(X ) x Hecke(G) Ran(Js: ) 

I 

Hecke(G) Ran(x) x (Ran(X) x Ran(X)) 

Ran(X) 
id XU 

Hecke(G) Ran(X ) 

and 

Hecke(G) Ran(X ) ' d X - > Hecke(G) Ran(x) x Bun G 
Bung 

respectively. 
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4.4.3. We have the following input from the geometric Satake equivalence: 

Proposition 4.4.4. There exists a canonically defined monoidal functor 

(4.3) Sat(G)§££r) : Re P (G) Ran(x) D-mod(Hecke(G) Ran(x) ). 

The functor Sat(G)^ 1 ^? x -s follows from the naive (or "usual") geometric Satake equivalence, 
and is essentialy constructed in [MV . 

4.4.5. Compatibility with the Heche action. We are now able to formulate Property He nalve 
("He" stands for "Hecke") of the geometric Langlands functor Lq in Conjecture 13.4.21 

Property He nalve : We shall say that the functor Lg satisfies Property He naivc if it inter- 
twines the monoidal actions of Rep(G) Ran (x) on the categories IndCoh Nilpg iob (LocSysg) and 
D-mod(BunG), where: 

• The action of Rep(G) Ran (x) on IndCoh Nil giob(LocSysg) is obtained via the the 
monoidal functor 

Loc G, sp oc : Rep(G) R an(A-) = QCoh((pt /G) Ran (x) ) -> QCoh(LocSys e ) 
and the action of QCoh^LocSysg) on IndCoh Nilpg iob (LocSysg) (see Sect. \2.$J$ ; 

• The action of Rep(G) Ran (x) on D-mod(Bunc) is obtained via the monoidal func- 
tor Sat(G) R al 1 ™ x ^ and the action of D-mod(Hecke(G) Ran (x)) on D-mod(Bunc) (see 
Sect. gTf. 

4.5. The generalized vanishing conjecture. 

4.5.1. Consider again the action of Rep(G) Ran (x) on D-mod(Bun<3), described above. We 
claim: 

Theorem 4.5.2. The action of the monoidal ideal 

ker (LoC(5 )Spec : Rep(G) Ran(X ) -> QCoh(LocSysg)) 

on D-mod(BvuiG) is zero. 

The proof of this theorem will be sketched in Sect. 111.11 It uses the same basic ingredients 
as the proof of Conjecture 13.4.21 but is much simpler. A more detailed exposition can be found 
in |GL:GenVanj . 

Remark 4.5.3. We note that Theorem 14. 5. 2 1 is a generalization of a vanishing theorem proved in 
[Gal] that concerned the case of G = GL n and a particular object of the category Rep(G) Ran (x) 
lying in the kernel of Locg spcc . 

4.5.4. Combining Proposition 14.3.41 and Theorem 14.5.21 we obtain: 

Corollary 4.5.5. The monoidal action of Rep(G) Ran pn on D-mod(Buncr) uniquely factors 
through a monoidal action of QCoh(LocSys,j) on D-mod(Bunc). 

4.6. Derived Satake. The material of this subsection is not crucial for the understanding of 
the outline of the proof of Conjecture 13.4.21 presented in the rest of the paper. 
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4.6.1. Let us fix a fc-point x e X. We let Hecke(G, spec)z denote the DG algebraic stack 
whose iS-points are triples 

((T^V 1 ),^^ 2 ),/?), 

where V 1 ) are objects of Maps(5 l , LocSysg) and /3 is an isomorphism of the resulting two 
maps S x (X — x)di — > pt /G obtained from (Ig, V 1 ) by restriction along 

S X (X — x)dx ^Sx X dl . 



The two projections h spcc , h apcc : Hecke(G, spec)^ — » LocSysg, define on Hecke(G, spec) x a 
structure of groupoid acting on LocSysg. In fact, we have a canonicaly defined commutative 
diagram, in which both sides are Cartesian 



Hecke(G, spec) 



(4.4) 



LocSysg 




LocSysg 



Hecke(G, spec)^ 



loc 



where 



pt /G pt /G, 

Hecke(G,spec)^ oc := (pt x pt)/G, 



see [Ml Sect. 12.6]. 



4.6.2. The structure of groupoid on Hecke(G, spec)^ 00 defines on IndCoh(Hecke(G, spec)^ oc ) a 
structure of monoidal category, where we use the (IndCoh, *)-pushforward and !-pull-back as 
our pull-push functors. 

Moreover, the diagram (|4.4[) defines an action of IndCoh(Hecke(G, spec)!,. oc ) on the category 
IndCoh(LocSyS(j.) that preserves the subcategory 

IndCoh Nil giob (LocSysg) C IndCoh(LocSysg.). 

There is a naturally defined monoidal functor 

Rep(G) = QCoh(pt /G) -> IndCoh(Hecke(G, spec)!, 00 ) 
corresponding to the diagonal map 



pt /G -> (pt x pt)/G =: Hecke(G, spec)^°' 
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4.6.3. Let Hecke(G) x be the fiber of Hccke(G) Ran (x) over the point {x} £ Kan(X). The 

<— — > 

restrictions of the projections of h and h to Hecke(G) 2; define on it a structure of groupoid 
acting on Bung. Hence, the category D-mod(Hecke(G') : j : ) acquires a monoidal structure. Direct 
image (i.e., the functor left adjoint to restriction) defines a monoidal functor 

D-mod(Hecke(G)a;) — > D-mod(Hecke(G) Ran (x))- 

Similarly, we have a naturally defined monoidal functor 

Rep(G) -> Rep(G) Ran(x) , 

left adjoint to the restriction functor. Part of the construction of the functor Sat(G) R ^° x - ) is 
that we have a naturally defined monoidal functor 

Sat(G)2 aivo : Rep(G) -> D-mod(Hecke(G) x ) 

that makes the diagram 

Rep(G) Sat(G)r ' VC ) D-mod(Hecke(G) x ) 



Rep(G) Ran(x) ( )r °° (x) > D-mod(Hecke(G) Ran(x) ) 

commute. 

We now claim: 

Proposition 4.6.4. There exists a canonically defined monoidal functor 

Sat(G) x : IndCoh(Hecke(G,spec)^ oc ) -> D-mod(Hecke(G) x ) 
that makes the diagram 

Rep(G) Sat(G)r ' VC > D-mod(Hecke(G) x ) 

id 

IndCoh(Hecke(G,spec)^ oc ) Sat(G% ) D-mod(Hecke(G) x ) 

commute. 

Proposition 234] follows from the local full (or "derived") geometric Satake equivalence, see 
| AG | Theorem 12.4.3] (which in turn follows from [BF 4 Theorem 5]). 

Remark 4.6.5. Note that the stack 

Hecke(G, spec)^ oc ~ (pt x pt)/G 

is quasi-smooth, and the corresponding classical stack Sing(Hecke(G, spec)^ c ) identifies canon- 
ically with the classical stack Q*/G. Let Nilpj2 c C Sing(Hecke(G, spec)! c oc ) be the nilpotent 
locus, and consider the corresponding category IndCoh Nilp i P c(Hecke(G, spec)!,? ). 

One can show that the functor 

Sat(G) x : IndCoh(Hecke(G,spec)^ oc ) D-mod(Hecke(G) x ) 
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canonically factors as a composition of monoidal functors 

(4.5) IndCoh(Hecke(G, spec)^ oc ) -)• IndCoh Nilp ioc (Hecke(G, spec)^ oc ) -> 

D-mod(Hecke(G)J c oc ) -> D-mod(Hecke(G) a; ), 

where 

• IndCoh(Hecke(G, spec)^ oc ) — » IndCoh Nilp i ? c (Hecke(G, spec)^ c ) is the co-localization 
functor, left adjoint to the tautological embedding 

IndCoh Nilp ioc(Hecke(G,spec)^ oc ) ^ IndCoh(Hecke(G, spec)^ oc ). 

• Hecke(G)^ oc is the local version of the Hecke stack, i.e., G(Q x )\G(X x )/G(Q x ), where 
X and % x are the completed local ring and field at the point x £ X, respectively. 

A salient feature of this situation is that the middle functor 

IndCoh Nilp ioc(Hecke(G,spec)^ oc ) -> D-mod(Hccke(G)^ oc ) 

in (|4.5I) is an equivalence (unlike the version with Sat(G)" alve ). 

4.6.6. We can now formulate the following variant of Property He nalV0 of the functor Lq: 

Property He 1 : We shall say that the functor satisfies Property He x if it intertwines the 
monoidal actions of IndCoh(Hecke(G, spec)!,? ) on the categories IndCoh Nilpg iob (LocSysg) and 

D-mod(BunG), where: 

• The action of IndCoh(Hecke(G, spec)^ 00 ) on IndCoh Nilpg iob (LocSysg) is one from 
Sect. [TXgj - 

• The action o/IndCoh(Hecke(G, spec)^ oc ) on D-mod(BunG) is obtained via the monoidal 
functor Sat(G)a; and the action of D-mod(Hecke(G)f lan (j s :)) on D-mod(Bunc) (see 
Sect. I^pp . 

It will follow from the constructions carried out in the rest of the paper that, in the same 
circumstances under which we can prove Conjecture 13.4.21 the resulting functor Lq will also 
satisfy Property He^ for any x £ X. 

4.6.7. The intrinsic characterization of the subcategory 

D-mod(Buncj)temp C D-mod(Bunc) 

mentioned in Sect. l3.5i2l is formulated in terms of the above action of IndCoh(Hecke(G, spec)^ 00 ) 
on D-mod(Bunc): 

An object M £ D-mod(BuiiG) belongs to D-mod(Bun,3)temp if and only if the functor 
5 i-> J* M, IndCoh(Hecke(G, spec)^ oc ) -> D-mod(Bun G ) 
factors through the quotient 

IndCoh(Hecke(G,spec)^ oc ) Hcckc( ^ apt!c) * c QCoh(Hecke(G, spec)i° c ) 

(for any chosen point x). In the above formula — * — denotes the monoidal action of 
IndCoh(Hecke(G, spec)^ oc ) on D-mod(Bunc), and we remind that , I'Heckc(G,spoc) 1 °': denotes the 
functor introduced in Sect. 12.8.51 applied to the stack Hecke(G, spec)^ oc . 
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4.7. The Ran version of derived Satake. The material of this subsection will not be used 
elsewhere in the paper. The reason we include it is to mention another important piece of 
structure present in the geometric Langlands picture, and one which is crucial for the proofs. 

E 

4.7.1. Along with the stack Hecke(G, spec)!,?" 3 , one can consider its Ran version, denoted 
Hecke(G, spec)^ n ^ x ^ that fits into the Cartesian diagram 

Hecke(G,spec) Ran(x) 



LocSysg x Ran(X) 



LocSysg x Ran(X) 



Hecke(G, spec) loc 



Ran(X) 



(Pt /G)Ran(X) 



(pt/G)Ran(A-), 



The reason we do not formally give the definition of Hecke(G, spec)g^ n / x s is that it involves 

the notion of G-local system on the parameterized formal punctured disc (as opposed to the 
parameterized formal non-punctured disc D x ), the discussion of which would be too lengthy 
for the intended scope of this paper. 

Let us, nonetheless, indicate the formal structure of this piece of the picture: 

4.7.2. Although the prestack Hecke(G, spec)p£ n ^ is not a DG algebraic stack, the category 
IndCoh(Hecke(G, spec)^ n( ^) is well-defined, carries a monoidal structure, and as such acts on 
IndCoh(LocSyS(5) preserving IndCoh Nilp gob (LocSysg). 

We have naturally defined monoidal functors 
(4.6) Rep(G) Ran(x) -> IndCoh(Hecke(G, spec)^ n(x) ) <- IndCoh(Hecke(G, spec)^ oc ), 
and a monoidal functor 

Sat(G) Ran(x) : IndCoh(Hecke(G,spec)^ n(x) ) -)• D-mod(Hecke(G) Ran(x) ) 



that restricts to the functors Sat(G) x and Sat(G) 



naive 
Ran(X) 



, respectively. 



Remark 4.7.3. As in Remark 14.6.51 the functor Sat(G) Ran (x) factors through an equivalence 
from a co- localization IndCoh Nilp ioo (Hecke(G, spec)^ n ^ ) to the appropriately defined category 

D-mod(Hecke(G& W ). 



10 As of now, the material in this subsection does not have a reference in the existing literature. 
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4.7.4. The full Hcckc comptatibility property reads: 

Property He: We shall say that the functor satisfies Property He if it intertwines the 
monoidal actions of IndCoh(Hecke(G, spec)^ n ^) on the categories IndCoh NilpE iob (LocSysg) 

and D- mod (Bung ), where: 

• The action of IndCoh(Hecke(G, spec)^^^) on IndCoh Nilpg iob (LocSysg) is as in 

s,ci. \rn\ 

The action o/IndCoh(Hecke(G, spec)^ n(x %) on D-mod(BuriG) * s obtained via the func- 



tor Sat(G)ft an (x) and the action of D-mod(Hecke(G)pt an (x)) on D-mod(BuriG) (see 
Sect. I^pl ). 

Tautologically, Property He implies both Properties He naive and He x . 

As with Property He^, it will follow from the constructions carried out in the rest of the 
paper that, in the same circumstances under which we can prove Coniecture l3.4.2l the resulting 
functor Lg will satisfy Property He. 

5. The Whittaker model 

5.1. The space of generic reductions to the Borel. In this subsection we are going to 
introduce a space (=prestack) Burig~ scn that will figure prominently in this paper. This is 
the space that classifies pairs consisting of a G-bundle and its reduction to the Borel subgroup 
defined generically on X . The approach to Bung~ sen described below was developed by J. Barlev 



m 



E 



In this subsection, as well as in Sects. I5.2M5.8[ we will be exlcusively dealing with D-modules, 
so derived algebraic geometry will play no role (see Sect. 13. lU)) . 

5.1.1. First, we consider the prestack that attaches to S £ Sch afI the groupoid of triples 
where 

• T G is a G-bundle on S x X; 

• U is a Zariski-open subset of S x X, such that for each fc-point of S, the corresponding 
open subset 

pt xll C pt x(S x X) ~ X 

s s 

is non-empty (equivalently, dense in X); 

• a is a datum of a reduction of 7c\u to the Borel subgroup B. 

In what follows we shall denote by ^bjj the £?-bundle on U corresponding to a. We shall 
denote by Tt,u the induced T-bundle. 

We define Bung~ gcn to be the prestack that attaches to S S Sch aff the quotient of the 
above groupoid of triples (Vg, U, a) by the equivalence relation that identifies (Ig, U 1 , a 1 ) and 
(^,[/ 2 ,a 2 ) if 

y G — G 

and for this identification, the data of a 1 and a 2 coincide over U 1 CiU 2 . 



much more cumbersome treatment, but one which only uses algebraic stacks or ind-algebraic stacks can 
be found in [GL:ExtWhTtl Sects. 5 and 6] . 
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Bunc- However, the fibers of this 



5.1.2. We have a natural forgetful map p™ h : Bun^ -8 ™ 
map are neither indschemes nor algebraic stacks. 

Nonetheless, we have the following assertion established in [Bar, Proposition 3.3.2]: 

Proposition 5.1.3. There exists an algebraic stack }$q, equipped with a proper schematic map 
to Bun<3 ; and a proper schematic equivalence relation 

such that Bun^ -8 ™ identifies with the quotient o/^o by Vi, up to sheafification in the Zariski 
topology. 

Remark 5.1.4. The pair =4 is in fact very explicit. Namely, is the algebraic stack 
Bun^ (the Drinfeld compactihcation), and is defined as 

Buns x Buns. 

Bung - Eon 

One shows that ^i is indeed an algebraic stack, and the two projections from to ar e 
schematic and proper. 

5.1.5. Consider now the usual stack Bun^ that classifies B-bundles on X. We have a tauto- 
logical map 

i b '■ Bun b Bun^ ~ gen . 
The valuative criterion of properness implies that the map %b induces an isomorphism of 
groupoids of field- valued points. In particular, the groupoid of Appoints of Bung~ gen identifies 
canonically with the double quotient 

B(K)\G(A)/G(0), 

where K is the field of rational functions on X, A denotes the ring of adeles, and O is the ring 
of integral adeles. 

However, the map lb itself is, of course, not an isomorphism. For example, one can show that 
connected components of Bun^ -8 ™ are in bijection with those of Bung, i.e., 7Ti(G), whereas 
connected components of Buns are in bijection with the coweight lattice A of G. 

One can view the map !g as a decomposition of Bun^? -8011 into strata, the latter being Buns. 

5.1.6. Recall the Hecke stack Hecke(G) Ran (x)- We claim it naturally lifts to Bun^ -8 ™ in the 



sense that we have a commutative diagram 

Bung" 8 ™ x Hecke(G) Ran(x) ~ Hecke(G) Ran(x) x Bun^ 



B -gen 



Buiif 



Buiif 



Bun, 



B -gen 



Bun 



B -gen 



Hecke(G) Ran(x) 



Buiig 



Bun (3, 
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In particular, we obtain a natural action of the monoidal category D-mod(Hecke(G)pt an (x)) 
on D-mod(BunQ~ gcn ). 

Using the functor Sa^G)^™^ j we thus obtain an action of the monoidal category 
Rep(G) Ran(X ) on D-mod(Bung" gcn ). 

5.2. Replacing B by its unipotent radical. In what follows we shall need a few variants of 
the space Bung~ gcn . 

5.2.1. First, we have the prestack Bung~ gcn , defined in the same way as Bun^" 8 ™, with B 
replaced by N . By construction, we have a natural projection 

Bun^- gcn ^Bung- gcn . 

An analog of Proposition 15.1.31 holds with no modifications. The groupoid on fc-points of 
Bun^ " gcn is canonically isomorphic to the double quotient 

N(K)\G(A)/G(Q). 

5.2.2. For any target scheme (or even prestack) Y, we define the prestack Maps(X, Y) gcn in 
a way analogous to the definition of Bun G ~ gen . 

Namely, the groupoid of S'-points of Y is the quotient of the set of pairs 

{U C S x X;y:U ^Y) 

by the equivalence relation that identifies (U ,y ) with (U 2 ,y 2 ) if yi\x/ir\Ua = Dint/a- 

5.2.3. Consider in particular the group-object in PreStk given by Maps(X, T) gen . 

We have a natural action of Maps(X, T) gcn on Bun^ " gon , and the quotient is easily seen to 
identify with Bung" gcn . 

5.2.4. We can rewrite the definition of Bung" gcn as follows. We consider the prestack that 
assigns to S G Sch aff the groupoid of quadruples 

(? G ,t/,a, 7 ), 

where (CPg, U, a) are as in the definition of Bun^~ gcn , and 7 is a datum of a trivialization of the 
T-bundle Vt,Ui see Sect. 15. lTTI for the notation. 

The prestack Bun^ " gcn is obtained from the above prestack of quadruples by quotienting it by 
the equivalence relation that identifies (CPq, U 1 , a 1 , 7 1 ) and ("Pq, U 2 ,a 2 ,j 2 ) if the corresponding 
points (y^t/So; 1 ) and {V 2 G ,U 2 ,a 2 ) are identified, and the resulting isomorphism between Tj, ^ 
and y 2 -, v over U\ fl U2 maps 7 1 to 7 2 . 

1 

5.2.5. From now on in the paper we are going to fix a square root cjJ- of the canonical line 
bundle on X. In particular, we obtain a well-defined T-bundle 

p(uj x ) ■= 2/5(w|). 

We define the prestack Qq '■— Bun^ ~ gcn to be a twist of Bun^" 8 ™. Namely, in the data 
(Tg, U, a, 7) we change the meaning of 7: 

Instead of being a trivialization of ?t,u we now let 7 be the datum of an isomorphism with 
P{ux)\u- 
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A choice of a generic trivialization of ujr identifies Q G with Bun G " gcn , and in particular, the 
groupoid of its fc-points with the double quotient 

N(K)\G(A)/G(Q). 

5.2.6. Yet another space that we will need is the quotient of Bun^ -8 ™ (or, rather, Bun^ ~ s ° n ) 
by the action of 

Maps(A,Z G ) gcn , 
where Zq is the connected component of the center of G. 

We denote the resulting prestack by Q G , G (its variant Q G ,p, where P C G is a parabolic and 
M is the Levi quotient of P, will be introduced in Sect. [7]). 

i 

A choice of a generic trivialization of identifies the groupoid on /c-points of Q G;G with 
the double quotient 

Z%{K) ■ N(K)\G(A)/G(Q). 

5.2.7. The prestack Q G , G can be explicitly described as follows. 

We consider the prestack that assigns to S £ Sch aff the groupoid of quadruples 

(V G ,U,a,j), 

where {Tgi U, a) as above, and 7 is a datum of isomorphism over U between the bundles with 
respect to T/Zq, one being induced from 7t,Ui an d the other from p(uix)\u- 

(Note that when G has a connected center, the data of 7 amounts to an isomorphism of line 
bundles oh{7t,u) — ^x\u for each simple root aj of G. In particular, it is independent of the 

choice of wj^-) 

The prestack Qg.g is obtained from the above prestack of quadruples by quotienting by the 
equivalence relation, defined in the same way as in the case of Bun^ " s ° n . 

5.2.8. We claim: 

Proposition 5.2.9. The pull-back functors 

D-mod(Bunc" gon ) -> D-mod(Q GjG ) -> D-mod(Q G ) 

are fully faithful. 

Proof. Follows from the homological contractibility of the functors Maps(X, T) gen and 
Maps(A,Z G )s en , see [Ga2]. □ 

5.2.10. As in Sect. 15.1.61 we have a canonical action of the monoidal category Rep(G) Ran (x) 
on both D-mod(Q G ) and D-mod(Q G , G ). 

5.3. The groupoid: function-theoretic analogy. In order to introduce the Whittaker cate- 
gory, as well as several other categories of primary interest for this paper, we will need to define 
a certain groupoid, denoted N that acts on Bmip" s ° n and related geometric objects. 
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5.3.1. We will now explain the idea of the definition of this groupoid through a function- 
theoretic analogy. As was mentioned above, the category D-mod(Bung ~ gcn ) is the geometric 
analog of the space of functions on N(K)\G(A)/G(0). 

What we want to achieve is to enforce the condition that our function, when considered as 
a function on G(A)/G(Q), be invariant with respect to all of N(A) (resp., equivariant against 
a fixed character of AT (A), which is trivial on N(K) and N(Q)). However, we want to do this 
without actually lifting our function on G(A)/G(0). 

Here is how we will do this. The trick explained below stands behind the definition of the 
corresponding verions of the Whittaker category in jFGVlj and [Gal] . 

5.3.2. Let x be a finite collection of points on X, and let A^ denote the corresponding product 
of local fields. Let us say that we want to enforce invariance/equivariance with respect to the 
corresponding subgroup N(A X ) C AT (A). 

Let y be another finite collection of points of X, which is non-empty and disjoint from x. 
Let 

N{K)\G(A)/G{Q) goot at y c N(K)\G(A)/G(0) 

be the subset equal to 

N(K)\ (G(A29/G(<OE) x N(Ay)/N(Oyf) , 
where A^ := U X z , := U Z . 

Clearly, the preimage of the subset B(K)\G(A)/G(0) goot & t y in G(A)/G(0) is invariant with 
respect to N{A S ). Moreover, Iwasawa decomposition implies that all of N(K)\G(A) /G(O) can 
be covered by subsets of this form for various choices of y. 

Hence, it is sufficient to specify the invariance/equivariance condition for a function on 

N(K)\G(A)/G(0) goot 

5.3.3. Set 

~AT(if)\G(A)/G(Q) goot at , := N(K)\ (g(A«)/G(0») x iV(A,)) . 

This set is acted on (by right multiplication) by N(A y ), and the resulting action of the 
subgroup N(O y ) C N(A y ) makes the projection 

~N(K)\G(A)/G(Q) soot aty -> N{K)\G(A)/G(0) goot at y 

into a N (O y )-torsor. 

5.3.4. We are now finally ready to explain how we will enforce the sought-for invari- 
ance/condition with respect to N(Ax) for a function on 7V(A")\G(A)/G(0) g00 t & ty I n fact, we 
will enforce equivariance with respect to all of AT(A^). 

Namely, we require that the lift of our function to ~A^(Ar)\G(A)/G(0) goot a t y be N(A y )- 
invariant /equivariant . 

The fact that this is the right thing to do follows from the strong approximation for the 
group A^, i.e., from the fact that the image of the map 

N(K) -> N(AM-), 

given by Taylor expansion, is dense. 
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5.4. The groupoid: algebro-geometric definition. The actual algebro-gcomctric definition 
of the groupoid N, given below, was suggested by J. Barlev. 

5.4.1. We define the groupoid N is as follows. First, the space (=prestack) that it will act on 
is not Bun G ~ gen , but rather a certain open substack 

(Bun^- gon xRan(X)) good 

of Bung- gcn xRan(l). 

Namely, ^Bun G ~ gcn x Ran(X)) good corresponds those quadruples (CPf?, £/, a, 7, y) for which 
U can be chosen to contain y. 

We consider the prestack that assigns to S e Sch aff the groupoid of the following data: 

{{V G ,U,a%{V 2 G ,U,a 2 ),y,fil 

where (T G , U, a 1 ) and (Tq, U, a 2 ) are as in Sect. 15.1.11 y G U, and j3 is a datum is isomorphism 
of -B-bundles 

^B,u\u-y — "^B,u\u-y, 

such that the induced isomorphism of T-bundles 

^T,u\u-y — ^T,u\u-y 

extends to all of U, and such that the induced isomorphism of the G-bundles 

^hlu-y — "PgIu-v 

extends to all of S x X — y. 

We let Maps(S f , N) be the quotient of the above prestack by the equivalence relation defined 
in a way similar to the case of Bun G ~ gcn . 

We have the following assertion: 

Proposition 5.4.2. The fibers of the groupoid'H are homologically contractible, i.e., the func- 
tors 

p\,p\: D-mod ((Bunp" gcn x Ran(X)) good ) D-mod(N) 

are fully faithful, where p\ and P2 are the two projections N — > ^Bun G ~ gcn x Ran(X)) good- 

This proposition essentially follows from the fact that the group N is homologically con- 
tractible. 

5.4.3. The groupoid Np G (resp., Nq gg ) acting on Q G (resp., Qg.g) is defined similarly. 
Note that we have a Cartesian diagram 

(Q G xRanpO) good <-?!— N Qg (Q G x Ran(X)) good 

I 1 I 

(Q G , G x Ran(X)) good <— - — Nq gg — ^— > (Q g ,g x Ran(I)) good 

(Bun^ gcn xRan(X)) good N — (Bung" 8 ™ x Ran(X)) good . 

From Proposition 15.4.21 we obtain the corresponding assertion for Nq g (resp., Nq g g ). 
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5.4.4. Variant. Let x be a finite collection of points of X (parameterized by some scheme). One 
can consider a variant of the groupoid N, where instead of Ran(X) one considers its relative 
version Ran(X) 2; , where we require that y C x. Then the entire discussion above, including 
Proposition l5.4.2[ is applicable. 

5.5. The character. 

5.5.1. We now consider the groupoid Ng G g and we claim that it admits a canonically defined 
homomorphism x to the groupoid on Qg,g obtained as a pull-back of the group G a over pt, 
i.e., 

Qg,g x Qg,g x G a . 

In fact, there are homomorphisms x%i one f° r each simple root oti of G, and we will let x be 
their sum. 

5.5.2. For a simple root on, let Bi ~ G TO x G a be the quotient group of B by N(Pi) (the 
unipotent radical of the sub-minimal parabolic Pi) and (the center of the Levi Mi of Pi). 
In particular, the map T — > G m is given by the simple root on. 

For a point (Vq, U, a,~f) of Qg.g we let CPb;,;/ denote the induced B^-bundle defined over 
U. Note that the data of 7 identifies the line bundle corresponding to Bi —> G m with lux\u- 
Hence, we can think of y Bi,u as a short exact sequence of vector bundles 

u>u &i -> Ou -)• 0. 

5.5.3. A point 

((T^^a 1 ^ 1 ),^,^,^^ 2 ),^,/?) 
of Nq g g defines an isomorphism of short exact sequences 

> Ux\l/-u > ?}\u-y > Ou-y > 

id l A l l Id 
> Ux\u-y > 3"t\u-y > Ou-y > 0, 

and hence a section of the quasi-coherent sheaf 

(5.1) uj x \u~y/u x \u - uj x \sxx-y/ux\sxx ^ (0 s ® ^x)(oo ■ y)/{0 s M wi), 

where we think of y as a relative Cartier divisor D C S x X over 5. 

Now, the residue map assigns to sections of (|5.1j) a section of O5, i.e., a map S —> G a . 

5.5.4. By composing, the above character x on Nq g g gives rise to one on Nq g . We will not 
distinguish the two notationally. 



5.6. The Whittaker category. 
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5.6.1. We are finally able to define the main actor for this section, the Whittaker category for 
G. 

First, we consider the equi variant category 

D-mod((Q G x RanpO) good ) Nu cX 
of D-mod ((Qg x Ran(Jf)) goo d) with respect to the groupoid Nq g against the character \- 

In other words, we consider the simplicial object Nq g of PreStk corresponding to the 
groupoid Nq g . We consider the co-simplicial category D-mod(N^ G ), and its twist, denoted 

D-mod(N* )*, 

corresponding to the pull-back by means of x °f the exponential D-module on G a - By definition, 
D-mod ((Qg x Ran(X)) good ) N<J ^ x : = Tot(D-mod(Nf G ) x ). 

The following results from Proposition l5.-4.2l 
Proposition 5.6.2. The forgetful functor 

D-mod ((Q G x Ran(X)) good ) NuG ' x -> D-mod ((Qg x Ran(X)) good ) 
is fully faithful. 

5.6.3. We define the Whittaker category Whit(G) to be the full subcategory of D-mod(QG) 
equal to the preimage of 

D-mod ((Q G x Ran(X)) g0 od) NfJG ' x C D-mod ((Qg x Ran(X)) good ) 

under the pull-back functor 

D-mod(Q G ) D-mod ((Q G x Ran(X)) good ) . 

In other words, 

Whit(G) := D-mod (Qg) x D-mod ((Q G X Ran(X)) goo d) NaG ' x ■ 

D-mod((Q G xRan(X)) good ) 

In a similar way we define the category Whit(G, G), using the prestack Qg,g instead of Qg- 
From Proposition 15.2.91 we obtain: 

Corollary 5.6.4. The pull-back functor Whit(G, G) -> Whit(G) is fully faithful. 

Remark 5.6.5. The categories Whit(G) and Whit(G, G) are geometric counterparts of the spaces 
of functions on G(A)/G(0) and Zq(K)\G(A)/G(0), respectively, that are equivariant with 
respect to N(A) against the character \- 

5.6.6. The category Whit(G) contains a distinguished object that we shall denote by W vac : 
Analogously to the map %b ■ Buns — > Bun^ -8011 , we have a canonically defined map 

iN" ■ Bunjv^ — > Bung ~ gcn . 
The object W vac is uniquely characterized by the property that the map 

(in*>)i ° («A'-) t (W vac ) -> W vac 

is an isomorphism, and that the fiber of W vac at any /some fc-point of Bunjy^ is identified with 
k. 

5.7. Basic properties of the Whittaker category. 
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5.7.1. Consider the fully faithful embedding 

Whit(G) ^ D-mod(Q G ). 
One shows that it admits a right adjoint; we will denote it by Av N ' x . 
A similar situation takes place for 

Whit(G,G) ^ D-mod(Q G , G ). 

5.7.2. Variant. Let a; be a finite collection of points of X as in Sect. 15.4.41 One shows that the 
categories 

Whit(G) := D-mod(Q G ) Na G' x and Whit(G,G) := D-mod(Q G . G )^ QG G 

as defined above, map isomorphically to the corresponding categories defined using the modified 
groupoid. 

5.7.3. We have the following assertion: 

Proposition 5.7.4. The action of the monoidal category Rep(G)R an (x) on D-mod(Q G ) and 
D-mod(Q GiG ) preserves the full subcategories 

Whit(G) C D-mod(Q G ) and Whit(G,G) C D-mod(Q G , G ), 

respectively, and commutes with the functor Av N ' x . 

Proof. The proof follows from Sect. I5.7T21 which allows to assume that the Hecke modification 
of the G-bundle (corresponding to the action of the groupoid Hecke(G)R an (x)) occurs at the 
locus of the curve disjoint from one for the groupoid N. □ 

5.8. The functor of Whittaker coefficient and Poincare series. 

5.8.1. Let t G (resp., c G G ) denote the forgetful map Q G —J> Bun G (resp., Q G , G — > Bun G ). In 
particular, we obtain the functors 

(re) 1, : D-mod(Bun G ) -> D-mod(Q G ) and (r GiG ) t : D-mod(Bun G ) -> D-mod(Q GiG ). 

5.8.2. We denote the composed functors 

Av N ' x o(r G ) f : D-mod(Bun G ) -> Whit(G) 

and 

Av N ' x o(r G , G )t : D-mod(Bun G ) -> Whit(G,G) 
by coeff G and coeff G!G , respectively. 

These are the two closely related versions of the functor of Whittaker coefficient. 

5.8.3. By Proposition I5.7.41 the functor coeff G (resp., coeff G . G ) intertwines the actions of 
Rep(G) Ran(x) on D-mod(Bun G ) and Whit(G) (resp., Whit(G,G)). 

5.8.4. The functor (r G ) 1 ' : D-mod(Bun G ) — > D-mod(Q G ) does not in general admit a left 
adjoint. However, one shows that the (partially defined) left adjoint is defined on the full 
subcategory Whit(G) C D-mod(Q G ). 

We denote the resulting functor Whit(G) — > D-mod(Bun G ) by Poinc G , and refer to it as the 
functor of Poincare series. By construction, this functor is the left adjoint of the functor cocff G . 

In particular, we obatin a canonically defined object 

Poinc G (W vac ) S D-mod(Bun G ), 

where W vac is as in Sect. I5.6.6I 
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5.9. "Unital" categories over the Ran space. Our next goal is to give a description of 
the categories Whit(G) and Whit(G, G) in spectral terms. This subsection contains some 
preliminaries needed in order to describe the spectral side. 

5.9.1. We note that a group homomorphism G\ — » G2 gives rise to a symmetric monoidal 
functor 

R-ep(G 2 ) R an(x) -> R-ep(Gi) Ran( x). 
In particular, taking G\ — G and G2 = {1}, wc obtain a symmetric monoidal functor 
D-mod(Ran(X)) ~ QCoh(Ran(V)) -> Rep(G) Ran(x) . 

By taking G\ — G and G2 = G/[G, G] we obtain a symmetric monoidal functor 

Rep(G/[G,G]) Ran(X ) -> Rep(G) Ran(X ). 

5.9.2. Consider the symmetric monoidal functor 

D-mod(Ran(V)) -^h D-mod(pt) = Vect 

(the left adjoint to the pull-back functor p*). It can also be viewed as the functor LoC{i} !Spoc , 
where {1} is the trivial group. Consider the category 

Rep(G) R n *?U := Rep(G) Ran(x) ® Vect . 

y ' D-mod( R an(X)) 

One can show that the functor 
Vect ~ D-mod(Ran(X)) <g> Vect -4 Rep(G) Ra „ m ® Vect =: Rep(G)^f x) 

D-mod(Ran(X)) D-mod(Ran(X)) k ; 



defines a unit 



L R op(G)™ i i *^ ) e Re P(G') Ra n^X)- 



I.e., unlike Rep(G) Ran (x), the symmetric monodical category R-ep(G)^ 1 *^^ is unital. 
5.9.3. It follows from the definition that the symmetric monoidal functor 
Loc G,s P oc : Rep(G) Ran(x) -4 QCoh(LocSys 6 ) 

canonically factors as 

(5.2) Rep(G) Ran(x) -4 Rep(G)™*f x) -4 QCoh(LocSys 6 ). 

We denote the resulting functor 

Re P (G)^ } -> QCoh(LocSys e ) 

by Locgg, 

Passing to right adjoints in (|5.4p , we obtain the functors 

QCoh(LocSy S( 5) -4 Rep(G) R n a ^ } -4 Rep(G) Ran(x)l 
all of which are fully faithful by Proposition 14.3.41 
We shall denote the resulting (fully faithful) functor 

QCoh(LocSys 6 ) -4 Rep(G) R n a ^ x) 

by co-Loc^ p t- 
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5.9.4. Consider now the symmetric monoidal functor 

,G] ,spcc 

: Rep(G/[G,G]) RanW -> QCoh(LocSys G/[GG] ). 

Consider also the category 



Re P(G)R n an(x) /I<5<51 : = Rep(G) Ran(x) ® QCoh(LocSys G/[GiG] ), 

Rcp(G/[G,G]) Ran(x) 

and the functor 

(5.3) Rep(Gr R t? x) ^ 

~ Rep(G) Ran(x) 8i Rep(G/[G,G]) RanW ® Vect H ® Loc 3/^].n~ 

Rep(G/[G,G]) Ran(X ) D-mod(Ran(X)) 

-> Rep(G) Ran(x) ® QCoh(LocSys G/[G G] ) =: Rep(G)™^ /[G ei . 

Rcp(G/[G,G]) Ran(x) 

It follows from the construction that the functor 

LoCpt : Rep(G)Z$q -> QCoh(LocSys G ) 
introduced above canonically factors as 

(5.4) Rep(G)^f x) ^ Rep(G)^/' e ' e > -> QCoh(LocSys G ), 
We denote the resulting functor 

R^ZST"* 1 QCoh(LocSys G ) 

by Loo"' 571 ' 5 '' 51 - 

^ G,spec 

Passing to right adjoints in (|5.4|) , we obtain functors 

(5.5) QCoh(LocSys G ) -> Re P (G)^/ [G G1 -> Rep(£)l££f x) 
all of which are fully faithful by Proposition 14.3.41 

We denote the resulting (fully faithful) functor 

QCoh(LocSys G ) -> Rep(G)^/ [ <^ 

by co-Loc" nitaI<5/[G ' <SI . 

^ G,spec 

5.10. Description of the Whittaker category in spectral terms. 

5.10.1. The following assertion is a geometric version of the Casselman-Shalika formula. It 
expresses the categories Whit(G) and Whit(G, G), respectively, in terms of the Langlands dual 
group. 

Quasi-Theorem 5.10.2. 

(a) There exists a canonical equivalence 

L G /hit :Rep(G) R I a ^ ) ^Whit(G), 

compatible with the action of the monoidal category Rep(G) Ran (x) • 

(b) There is a canonical equivalance 



Rep(G) R ::^ [GG1 ^Whit(G,G) ; 
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compatible with the action of the monoidal category Rep(G)ft an (x) • 
(c) We have a commutative diagram 



Wlnt 



ReptG)^) Whit(G) 
(5.6) | | 

Rep(G)R n a5) /[e <31 > Whit(G,G), 

where the left vertical arrow is the right adjoint of (|5.3[) . 

This quasi-theorem is very close to being a theorem and is being worked out by D. Beraldo. 
We shall denote the composed functor 

CO-LOC ,,v,if-nl - - - 

QCoh(LocSys G ) G ^ c Rcp(G) Ran(Jf G ) /[G ' G] 4 Whit(G, G) 
by L^ 1 "*. By the above, L^g* is fully faithful. 

5.10.3. We will now formulate Property Wh ("Wh" stands for Whittaker) of the geometric 
Langlands functor L G . It is a particular case of Property Wh ext , formulated in Sect. I9XB1 

Property Wh: We shall say that the functor L G satisfies Property Wh if the following diagram 
is commutative: 

j Whit 

COCff Q 



Rep(G)— , Whit(G) 



(5-7) co-Loc^'^o^J 



IndCoh N;lpg iob (LocSysg) — > D-mod(Bun G ). 

We remind that the functor ^ G appearing in the left vertical arrow in (|5.7[) is the right 
adjoint of the fully faitjful embedding 

QCoh(LocSysg) — > IndCoh Nilpg iob(LocSys G ). 

5.10.4. By passing to left adjoints in the diagram (|5.7[) . from Property Wh we obtain a com- 
mutative diagram 

j Whit 

(5-8) B d oLoc^« 



Rep(G)— , Whit(G) 



Poincc 

IndCoh Nilpg iob(LocSys ( j) — Lg > D-mod(Bun G ). 

As part of the construction of the equivalence of Quasi-Theorem 15.10.21 we have that the 
object W vac 6 Whit(G) identifies with 

f Whit (-1 \ 
G (. i Rop(G)-^ ) ^ 

where we remind that lj^p^umtai is the unit object in the monoidal category R-ep(G)^ 1 *^^, 
see Sect. [5JE1 



In particular, from (|5.8[) . we obtain: 
(5.9) L G (S G (0 LocSyS(5 )) =s Poinc G (W vac ). 
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5.10.5. Note that since the vertical arrows in the diagram (|5.6|) are fully faithful, we can 
reformulate Property Wh as the commutativity of the diagram 



QCoh(LocSys G ) — ^ Whit(G, G) 

(5.10) *g| jcocff G ,G 

IndCoh Nilpg iob(LocSys ( j) — Lg > D-mod(Bun G ). 
Remark 5.10.6. Note that if we believe Conjecture 13.4.21 we obtain a commutative diagram 



r Whit 

^G,G 



QCoh(LocSys G ) — Whit(G, G) 

*g| |cocff G ,G 

IndCoh Nilp giob(LocSys C j) — ha > D-mod(Bun G ) 



QCoh(LocSys G ) > D-mod(Bun G ) tomp , 

where the composed left vertical arrow is the identity functor. Hence, the composed functor 

D-mod(Bun G )tcm P ^ D-mod(Bun G ) Whit(G, G) 

is fully faithful. I.e., the tempered category is Whittaker non-degenerate in the strong sense 
that not only does the functor coeff G not annihilate anything, but it is actually fully faithful. 

6. Parabolic induction 
6.1. The space of generic parabolic reductions. 

6.1.1. Let P C G be a parabolic. Let M denote its Levi quotient. 

We define the prestack Bung -8 ™ in the same way as we defined Bun G " gen , substituting P 
for B. 

We let p™ h denote the natural forgetful map Bun^ -8011 — > Bun G , and by ip the map 

Bunp -> Bun^ gcn . 

As in the case of P = B, the map ip defines an isomorphism at the level of groupoids of 
field- valued points. In particular, the groupoid of fc-points of Bun G ~ scn identifies canonically 
with the double quotient 

P(K)\G(A)/G(Q). 

From here one deduces: 

Lemma 6.1.2. The forgetful functor (ip)^ : D-mod(Bun G ~ gcn ) — > D-mod(Bunp) is conserva- 
tive. 
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6.1.3. Let N(P) denote the unipotent radical of P. To it we associate a groupoid that we de- 
note by N(P) acting on ^Bung~ gen x Ran(X)J goo d in the same way as we defined the groupoid 

N acting on ^Bun^ -8 ™ x Ran(X)J goo d- 

We consider the N(P)-equivariant categ ory of (Bun£" gcn x Ran(X)) good) !- e - 

N(P 



D-mod ((Bung" gcn x Ran(A)) good ) := Tot (D-mod(N(P)' 



where N(P) A is the simplicial object of PreStk corresponding to the groupoid N(P) 

As in Proposition 15.6.21 we have: 
Proposition 6.1.4. The forgetful functor 



D-mod ((Bung" gcn x Ran(A)) goo d) N(P) -> D-mod (YBun£~ gen x Ran(A)) 



good 



is fully faithful. 

6.1.5. We define I(G, P) as the full subcategory of D-mod(Bung~ gon ) equal to the preimage of 

D-mod ((Bun£~ gcn x Ran(A)) goo d) N(P) C D-mod ((Bun£~ gon x Ran(X)) gooo 
under the pull-back functor 

D-mod(Bung" gcn ) -> D-mod ((Bung" gon x Ran(X)") good 
I.e., 

1{G,P) := 

= D-mod (Bun£" gon ) x D-mod ((Bun£~ gcn x Ran(A)) good ) N(P) . 

D-mod ( (Bung ~ E °" X Ran(X)) good ) VV ' J J 

As in the case of Whit(G), one shows that the fully faithful embedding 

I(G,P) C D-mod(Bun£- gcn ) 
admits a right adjoint, that we denote by Av N( - p - ) . 

Remark 6.1.6. The category 1(G,P) is the geometric counterpart of the space of functions on 
the double quotient 

M{K) ■ N(P)(A)\G(A)/G(0). 

6.1.7. As in Sect. I5.1.6[ we have a canonically defined action of the monoidal category 
Rep(G)p{ an (x) on D-mod(Bun£- gcn ), and as in Proposition 15.7.41 this action preserves the full 
subcategory 

I(G,P) ^D-mod(Bun^ gcn ) 
and commutes with the functor Av N ^ p '. 

6.2. A strata-wise description of the parabolic category. One can describe the full 
subcategory I(G,P) C D-mod(Bung~ gcn ) explicitly via the morphism 

unp — > Bun G 
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6.2.1. Let pp and qp denote the natural forgetful maps from Bunp to Bunc and BunM, 
respectively. For instance, we have: 

pp = p P o i P . 

Note that the map qp is smooth. Hence, the functor 

(qp)* : D-mod(BunM) — > D-mod(Bunp) 

(the Verdier conjugate of (qp)^) is well-defined V\ Note that the fibers of qp are contractible, 
so the functor (qp)* is fully faithful. 

6.2.2. We have: 

Lemma 6.2.3. The category I(G, P) fits into a pull-back square: 

I(G,P) > D-mod(Bun£~ gcn ) 

(6.1) J |(t P )t 

D-mod(BunM) > D- mod (Bunp). 

In other words, the above lemma says that an object M G D-mod(BunQ~ gcn ) belongs to 
I(G, P) if and only if (zp)t(M) G D-mod(Bunp) belongs to the essential image of the functor 
(qp)"- 

6.2.4. We denote the resulting (conservative) functor I(G, P) — >• D-mod(BunA/) by (im)^ ■ 

One shows that the square obtained by passing to right adjoints along the horizontal arrows 
in (16.11) is also commutative: 



l(G,P) ^ D-mod(Bun£- gcn ) 

(6-2) (lM )t| | (lp) t 

D-mod(BmiM) < < * qp ' 1 * D-mod(Bunp). 

6.2.5. In addition, one shows that the partially defined left adjoint {tp)\ of («p)' is defined 
on the essential image of (qp)*- We denote the resulting functor D-mod(BunM) — > I(G,P) by 

By passing to left adjoints in (|6.2[) . we obtain a commutative diagram 

I(G,P) > D-mod(Bun£" gcn ) 



(6.3) («m)i 



(»p)i 



D-mod(BunM) > D-mod(Bunp). 

6.3. The "enhanced" constant term and Eisenstein functors. 
6.3.1. We define the functor of enhanced constant term 

CTp" 11 : D-mod(Bun G ) -> I(G,P) 

as the composition 



CT^ 11 = Av N(p) o( Pp nh ) 



12 Since qp is smooth, the functors (qp)* and (qp)^ are in fact isomorphic up to a cohomological shift, which 
depends on the connected component of Buhm- 
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6.3.2. We claim that the functor CTp lh admits a left adjoint. This follows from the next 
lemma: 

Lemma 6.3.3. The partially defined left adjoint (pp lh )i of (p™ h )^ is defined on the full subcat- 
egory I(G,P) C D-mod(Bung" gon ). 

Thus, the functor 

Eis™ h := (Pp^Ikcp), I(G, P) "> D-mod(Bun G ) 
is well-defined and provides a left adjoint to CTp" 11 . 

We will refer to Eis™ h as the functor of enhanced Eisenstein series. 
6.3.4. Consider now the diagram 

Bunp 





Bun<3 Bun A / . 

We define the usual constant term and Eisenstein functors as follows: 

CTp = (q P ). o (pp)t, 

where (qp). is the right adjoint of the functor (qp)* (i.e., (qp). is the functor of usual direct 
image for D- modules). 

6.3.5. The functor Eisp (called the usual functor of Eisenstein series), left adjoint to CTp, is 
described as 

(pp)l o (qp)V 

The functor (pp)i is the partially defined left adjoint to (pp)^, and as in Lemma f6 . 3 . 3 1 one 
shows that it is defined on the essential image of (qp)*- 

6.3.6. From (|6.2[) we obtain that the functor CTp can be expressed through CT™ h as 

CTp ~ (z A/ ) f o CT c ; lh . 
Similarly, from (|6.3[) , we obtain that the functor Eisp can be expressed through Eis™ h as 

Eisp ~ Eisp" h o (%m)\- 

6.4. Spectral Eisenstein series. 

6.4.1. Consider the derived stack LocSysp and the diagram 

LocSySp 

LocSysg LocSysp . 

We note that the morphism qp spcc is quasi-smooth (i.e., its geometric fibers are quasi- 
smooth), and in particular of finite Tor dimension. Hence, the functor 

qp^° h '* : IndCoh(LocSys A/ ) -> IndCoh(LocSysp), 

is well-defined, see Sect. 12.7.41 
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We also note that the morphism pp spoc is schematic and proper. Hence, the functor 
p'p spoc : IndCoh(LocSyS(5) — > IndCoh(LocSys p ), 
right adjoint to (pp iSpec )i nd , is well-defined and is continuous, see again Sect. 12.7.41 

6.4.2. We let Nilp p lob be the conical Zariski-closed subset of Sing(LocSySp) that corresponds 

to pairs (a, A), where a is a P-local system, and A is a horizontal section of p* that belongs to 
m* and is nilpotent. 

We consider the corresponding category 

IndCoh Ni , giob(LocSySp) C IndCoh(LocSys P ). 

The following is shown in |AG[ Propositions 13.2.6]: 
Lemma 6.4.3. 

(a) The functor q*? dColl >* : IndCoh(LocSys A y ) — > IndCoh(LocSySp) sends the subcategory 
IndCohj... g iob (LocSys A j) to the subcategory IndCoh.... g iob(LocSySp). 

(b) The functor (pp iSpoc )* ndCoh : IndCoh(LocSys P ) — » IndCoh(LocSyS(j), sends the subcategory 
IndCoh Nilpg iob(LocSySp) to the subcategory IndCoh Nilp giob(LocSySQ). 

6.4.4. Hence, we obtain well-defined functors 

q P,spc°c h '* : IndCoh Niip^° b ( LocS y s A/) IndCoh Nilp giob(LocSySp) 

and 

(Pp, sp cc)i ndCoh : IndCoh Ni ^(LocSySp) ^IndCoh N ^(LocSySc), 
that admit (continuous) right adjoints 

IndCoh N ^(LocSys,,) ^IndCoh N ^(LocSysp) : (q P , spoc )i ndCoh 

and 

IndCoh Nilp giob(LocSys P ) <- IndCoh Nilp gio b (LocSysg) : P P spcc , 

respectively. 

6.4.5. We define the spectral Eisenstein series functor 

Eis p, sp cc : IndCoh Nil .job (LocSysjif) ->■ IndCoh Na ^(LocSysg) 

as 

t^:„ /„ \IndCoh „ IndCoh,* 

^, S pec — (Pp, S peJ* OC lp, S pcc ■ 

We introduce the spectral constant term functor 

CT p, sp cc : IndCoh Nilpg i„b(LocSys (5 ) -> IndCoh Nilp gio b (LocSys jCf ) 

as 

f^rri / \IndCoh ! 

^^Aspcc •— l^P.spccJ* ° Pp, S pec- 

By construction, CT P spec is the right adjoint of Eis P spoc . 
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6.4.6. In addition to the adjoint pair 

Eis p, sp0 c : IndCoh Nilp giob(LocSys A? ) <=t IndCoh NUp giob (LocSysg) : CT Pspcc 

we shall also consider the corresponding adjoint pair 

Eis p,s P oc e m : QCoh(LocSys A/ ) z± IndCoh Nilp gob(LocSys 6 ) : 4^ o CT Pspec . 

In a certain sense the two adjoint pairs end up retaining the same information. More precisely, 
we have the following result of [AG, Corollary 13.3.10 and Theorem 13.3.6]: 

Proposition 6.4.7. 

(a) The essential images of the functors 

Eis p, sp oc ° e m '■ QCoh(LocSys A/ ) -> IndCoh Nilp giob (LocSysg) 
for all parabolics P (including P — G) generate IndCoh Nilpg iob(LocSys C j). 

(b) The essential images of the functors 

Eis p, sp ec ° s m : QCoh(LocSys A - f ) -> IndCoh NUp gob(LocSys 6 ) 

for all proper parabolics generate the full subcategory equal to the kernel of the restriction 
functor 

IndCoh Nilpg iob(LocSys (5 ) -> IndCoh Nilpg _i=b (LocSysg red ) = QCoh(LocSysg rod ). 

6.4.8. We can now formulate Property Ei ("Ei" stands for Eisenstein) of the compatibility of 
the geometric Langlands functor for the group G and its Levi subgroups. It is a particular case 
of Porperty Ei cnh formulated in Sect. 16.6.41 

Property Ei: We shall say that the functor satisfies Porperty Ei if the following diagram 
of functors commutes: 

IndCoh Nilpg iob(LocSys A 7) Lj " > D-mod(Bun M ) 

-®ljW,G 

(6.4) IndCoh Nilp giob(LocSys A ^) D-mod(Bun M ) 

Eis p, ap 



IndCoh Nilp giob (LocSysg) — Lg > D-mod(Bunc) 

where — ® Ijvf.G an d — <8> \m,G o- r & auto-equivalences defined below. 

The functor — ® Im,g appearing in the statement of Property Ei is that given by tensor 
product by a line bundle Im,g on LocSys^j equal to the pull-back under 

LocSysj^f ^? LocSys Gm — > Hi in .. = Pic 

i 

of the line bundle on Pic corresponding to the canonical line bundle u)h on A, and where 2pp 
is the character M — > G m correspinding to the determinant of the adjoint action on p. 

The functor — ® \m,g is given by tensor product by the (constant) D- module on Buiim, 
which on the connected component Bun^ corresponding to jj, : M — > G m is given by the 
cohomological shift by (2pp, 2{g — l)pp — ft). 
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6.4.9. By adjunction, Property Ei implies that the following diagram of functors commutes as 
well: 

IndCoh Nil giob (LocSySj^) — Laf > D-mod(BunM) 

A'' 

(6.5) IndCoh Nilpg iob(LocSys A ) D-mod(Bun M ) 



CTf 



IndCoh Nilpg iob (LocSysg) — > D-mod(Bun<3) 

6.5. The spectral parabolic category. The goal of this subsection is to define a spectral 
counterpart of the category I(G, P) and the functors Eis™ h and CTp lh . 



6.5.1. Consider the groupoid 



LocSySp x LocSySp 

LocSysp 




LocSySp LocSySp 

over LocSysp . 

Since the map Pi (i = 1,2) is schematic and proper, we have an adjoint pair of (continuous) 
functors 

(p.)todCoh . indCoh(LocSysp x LocSys P ) IndCoh(LocSysp) : p\. 

LocSysp 

6.5.2. We let 

(6.6) IndCoh(LocSysp x LocSysp)A IndCoh(LocSysp x LocSysp) 

LocSysp LocSysp 

denote the full subcategory consisting of objects that are set-theoretically supported on the 
image of the diagonal embedding 

LocSySp — > LocSySp x LocSys p . 

LocSysp 

We let (K, A ) I » ndCoh denote the restriction of (pi) l * dCoh to the subcategory (|6TB]) . We let p[ A 
denote the right adjoint of (pi,A)i ndCoh , which is isomorphic to the composition of p\ and the 
right adjoint to the embedding (|6.6|) . 

6.5.3. The structure of groupoid on LocSysp x LocSysp endows the endo-functor 

LocSysp 
(p2^ dC ° h op[ A 

of IndCoh(LocSySp) with a structure of monad. We shall denote this monad by F p . 
We have: 

Lemma 6.5.4. Let N C Sing(LocSySp) be any conical Zariski- closed subset. Then the functor 
Fp sends the full subcategory 

IndCoh^-(LocSySp) C IndCoh(LocSySp) 

to itself. 
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(The lemma holds more generally when LocSysg and LocSys P ) are replaced by arbitrary quasi- 
smooth algebraic stacks.) 

6.5.5. By construction, the action of the monad F p on the category IndCoh(LocSys P ) com- 
mutes with the action of the (symmetric) monoidal category QCoh(LocSyS(j), where the latter 
acts on IndCoh(LocSySp) via the (symmetric) monoidal functor 

p P spec : QCoh(LocSyS(j) -4 QCoh(LocSys P ) 

and the canonical action of QCoh(LocSys P ) on IndCoh(LocSys P ). 

6.5.6. We consider the category 

Fp-mod(IndCoh(LocSys P )) 
of Fp-modules in IndCoh(LocSys P ). We let 

ind Fp : IndCoh(LocSys P ) F p -mod(IndCoh(LocSys P )) : oblv Fj5 
be the corresponding pair of forgetful and induction functors. 
By Lemma \Q. 5. 41 we also have well-defined full subcategories 

Fp-mod(QCoh(LocSySp)) c F p -mod(IndCoh Nilp giob(LocSys p )) C 

C Fp-mod(IndCoh(LocSys P )) 

and the functors 

indpp : QCoh(LocSys P ) <=* F p -mod(QCoh(LocSys p )) : oblvp p 

and 

indp* : IndCoh Nil g iob(LocSys P ) ^ F p -mod(IndCoh Nil g iob (LocSys P )) : oblv Fp 

that commute with the corresponding fully faithful embeddings and their right adjoints, denoted 
(Sp^p), respectively. 

In particular, we have the following commutative daigarms 

indp - 

IndCoh Nil giob (LocSys P ) — > F P -mod(IndCoh Ni , g iob(LocSys P )) 

p p ' Pp 

indp - 

QCoh(LocSys P ) ^ F P -mod(QCoh(LocSys P )) 



and 



indp - 

IndCoh Nilpg iob(LocSys P ) — > F p -mod(IndCoh Nilpg iob(LocSys P )) 



•4 



indp 



QCoh(LocSys P ) > F P -mod(QCoh(LocSys P )). 

Finally, it follows from Sect. [63751 that the category F P -mod(IndCoh N ., g iob(LocSys P )) is 

naturally acted on by the monoidal category QCoh(LocSys ( j), and the functors indp p and 
oblvF» commute with this action. 
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6.5.7. Consider again the functors 

(Pp, sp cc)* ndCoh : IndCoh Nilp|1 o b (LocSy S p) <=» IndGoh NUp go b (LocSys e ) : Pp spcc . 
It follows from the definitions that the functor spcc canonically factors as a composition 

oblvp - 

IndCoh Ni , g iob (LocSysg) — > Fp-mod(IndCoh Nil giob(LocSys P )) — > 

IndCoh Nilp giob(LocSys p ). 

We denote the resulting functor 

IndCoh Nilpg iob(LocSys (: j) — > Fp-mod(IndCoh Nilp giob(LocSys p )) 

by CT C p nh . 

6.5.8. It follows formally from the Barr-Beck-Lurie theorem (see |GL:DG[ Proposition 3.1.1]) 
that there exists a canonically defined functor, to be denoted Eisp n spoc , 

Fp-mod(IndCoh Nilpg iob(LocSySp)) — > IndCoh Nilpg iob (LocSysg) 

equipped with an isomorphism 

Eis^pec^ndF^Cpp^) 1 ^. 

Furthermore, the functor Eis e 6 nh is the left adjoint of CT e 6 nh . 

7 .F,spcc J J _P,spcc 

6.5.9. By construction, the functors CT^ 1 ' 1 and Eis 1 ^ 111 intertwine the monoidal actions 

J 1 P. spec /-\spcc 

of QCoh(LocSys,5) on Fp-rnod(IndCoh N . lpg io b (LocSySp)) and IndCoh Nilpg iob (LocSysg), respec- 
tively. 

6.5.10. The category Fp-mod(IndCoh N;lp giob(LocSySp)), equipped with the functors 
Ei 4tpcc : Fp-mod(IndCoh Nilpr b(LocSySp)) x± IndCoh Nilp go b (LocSysg) : CT C p^ poc 

is the spectral counterpart of the category I(G, P) equipped with the functors 

Eis cnh : l(G,P) «=i D-mod(Bun G ) : CT^ lh . 

6.6. Compatibility of Langlands correspondence with parabolic induction. For the 

duration of this subsection we will assume the validity of Conjecture 13.4.21 for the reductive 
group M. In particular, this is unconditional for P = B, in which case M is a torus, and 
Conjecture 13.4.21 amounts to Fourier-Mukai transform. 

6.6.1. We have: 
Quasi-Theorem 6.6.2. 

(a) There exists a canonically defined equivalence of categories 

hp : Fp-mod(IndCoh Nilp giob(LocSySp)) -> I(G,P) 
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that makes the following diagram commute: 



IndCoh Nilpg iob (LocSys A ^) — Lal > D-mod(Bunjv/) 



MX} 



\-&M,G 

(6.7) IndCoh Nil giob(LocSySjy-) D-mod(Bun A:f ) 

M 

ind Fp o(qp spcc )*| Ulu)\ 

Fp-mod(IndCoh Ni , g iob(LocSySp)) — > 1(G,P), 

where — ® Im,g an d — ® Im,g are the auto-equivalences defined in Sect. \6.4-8\ 

(b) The equivalence L P is compatible with the action of the category Rep(G)p tan (x) ; where 

• Rep(G)R an (j s :) acts on F P -mod(IndCoh Nilpg iob (LocSys P )) via the symmetric monoidal 
functor 

Loc G, sp oc : R e P(G)Ra„(x) -> QCoh(LocSys 6 ); 

• Rep(G)p tan (x) acts on I(G, P) as m 5ect \ 6.1.7\ 

6.6.3. In the case of P = B, Quasi-Theorem IS . 6 .21 is work-in-progress by S. Raskin. The idea 
of the proof, applicable to any P, is the following: 

The composite functors 

(6.8) IndCoh Nil giob(LocSysj^) — > F P -mod(IndCoh Nil g iob(LocSys P )) 
and 

(6.9) D-mod(Bun M ) -> I(G, P) 

appearing in (|6.7[) admit continuous and consertavative right adjoints, which, up to twists by 
line bundles, are given by 

(qp, S pcc)* ndCoh °oblv F(P) and 4, 

respectively. Hence, by the Barr-Beck-Lurie theorem, the statement of Quasi-Theorem [6.6.21 
amounts to comparing the monads corresponding to the composition of the functors in (|6.8p 
and (|6.9p . and their respective right adjoints. 

One shows that the monad on the geometric side, i.e., D-mod(Bunjvf), is given by the ac- 
tion of an algebra object in the monoidal category D-mod(Heckc(M)R an (x)) that comes via 
the functor Sat(G)jt an (x) from a canonically defined algebra object of the monoidal category 
IndCoh(Hecke(G,spec)^ n(x) ), see Sect.HZl 

One then uses Bezrukavnikov's theory of [Bezj that describes various categories of D-modulcs 
on the affine Grassmannian in terms of the Langlands dual group to match the resulting monad 
with one appearing on the spectral side. 



We emphasize that the above algebra object of IndCoh(Hecke(G, s P ec )j£an(x)) does not come from an 
algebra object of Rep(G) Ran (jsf j via the functor — ¥ in 114. 6> . so here one really needs to use the full derived 
Satake. 
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6.6.4. We can now state Property Ei enh of the geometric Langlands functor L G in Conjec- 
ture EX! 

Property Ei enh : We shall say that the functor L G satisfies Property Ei enh if the following 
diagram of functors commutes: 

Fp-mod(IndCoh Ni , DE iob(LocSySp)) I(G, P) 

Pp 

(6.10) Eis^ poc | j E is^ 

IndCoh Nilpg iob(LocSys G ) — Lg > D-mod(Bun G ). 



6.6.5. Note that by passing to right adjoint functors in (|6.10[) we obtain the following commu- 
tative diagram 



F p -mod(IndCoh N ., g iob(LocSys P )) — ^ I(G,P) 

Pp 

(6.11) CT^ poc | |CT™" 

IndCoh Nilpg iob (LocSys G ) — Lg > D-mod(Bun G ). 

6.6.6. Finally, we note that Property Ei stated in Sect. 16.4781 is a formal consequence of Prop- 
erty Ei enh : the commutative diagram (|6.4[) is obtained by concatenating (16.101) and (|6.7I) . 

6.7. Eisenstein and constant term compatibility. Let now P and P' be two parabolic 
subgroups, and let us assume the validity of Conjecture 13.4.21 for the Levi quotient M' as well. 

6.7.1. By concatenating diagrams (|6.11jl (for P') and (16. lip we obtain the following commu- 
tative diagram: 



F p -mod(IndCoh Nil E iob(LocSys P )) Lp ) l(G,P) 

Pp 

(6.12) IndCoh Nilpg iob (LocSys G ) D-mod(Bun G ) 

Fp,-mod(IndCoh NilPgiobP ,(LocSySp,)) l(G,P') 

We have (again, assuming the validity of Conjecture 13.4.21 for M and M'): 

Quasi-Theorem 6.7.2. The diagram (|6.12|) commutes unconditionally (i.e., without assuming 
the validity of Conjecture \3.4-3\ for G). 

Remark 6.7.3. One shows that both functors in (|6.12[) corresponding to the vertical arrows 
admit natural nitrations indexed by the poset 

W M \W/W M >, 

where W is the Weyl group of G, and Wm and Wm> are the Weyl groups of M and M' , 
respectively. 




OUTLINE OF THE PROOF OF THE GEOMETRIC LANGLANDS CONJECTURE FOR GL 2 63 

The identification of the resulting sub-quotient functors follows from Property Ei cnh for 
smaller Levi subgroups. So, the content of Quasi-Theorem 16.7.21 is that the subquotients on 
both sides glue in the same way. 

7. The degenerate Whittaker model 

This section develops a variant of the category Whit(G, G), denoted Whit(G, P) (for a fixed 
parabolic P), where we impose an cquivariance condition with respect to a character of N, 
which is no longer non-degenerate, but is trivial on N(P) and non-degenerate on N(M). 

The function-theoretic analogy of this category is explained in Remark 17.1.51 Since this 
section does not contain any substantially new ideas, the reader may prefer to skip on the first 
pass, and return to it when necessary. 

The reason that Whit(G, P) is necessary to consider is that these categories, when P runs 
through the poset of standard parabolics, comprise the extended Whittaker category introduced 
in the next section, and which will be of central importance for the proof of Conjecture 13.4.21 

7.1. Degenerate Whittaker categories. 

7.1.1. We define the prestack Q Gi p in a way similar to Q G , G . It classifies the data of 

{V G ,U,a,j), 

where (CP G , U, a) has the same meaning as for Qg,g (i- e -> h defines a point of Bun^ -8 ™), but 7 
is now an identification of bundles with respect to the torus T/Z® 4 , one bundle being induced 
from Tt.Uj an d the other from p(ojx)- 

Equivalently, Qg,p is the quotient of Qq by the action of Maps(X, Z^) gen . 

(Note that when G has a connected center, the data of 7 amounts to an isomorphism 
OL i{ r ^T,u) — u x for every simple root a.j of M.) 

1 

A choice of a generic trivialization of cj|- identifies the groupoid on fc-points of Qg,p with 
the double quotient 

Z° M (K)-N(K)\G(A)/G(0). 

By construction, if P = G, we have Q Gj p = Q G , G (so the notation is consistent). When 
P = B, we have Qg,p = Bun^ -8 ™. 

We let ?g,p denote the forgetful map Qg.p — > Bung. 

7.1.2. The groupoid N acting ^Bun^" 8 ™ x Ran(X)^ goo( j gives rise to a groupoid that we 
denote Nq g p over (Qg,p x Ran(X)) goo d so that the diagram 

(Q G ,p x RanpO) good — Nq c p P2 > (Q G ,p x Ran(X)) good 

(Bun^- gcn xRan(X)) good N (Bun^ gon x Ran(X)) good 

is Cartesian. 

The groupoid Nq g p is endowed with a canonically defined character that we denote xp- 
The definition of \p is similar to that of x with the difference that we only use the simple roots 
that lie in M. 
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7.1.3. We consider the twisted Nq G ^-equivariant category of D-mod ((Q G ,p x Ran(A)) goo d), 
denoted D-mod ((Q G ,p X Ran(A)) g0 od) NaG > p ' XP ■ 

As in Proposition 15.6.21 the forgetful functor 

D-mod ((Q GiP x Ran(X)) good ) NQ G,p^" _^ D-mod ((Q G , P x Ran(A)) good ) 

is fully faithful. 

7.1.4. We define the degenerate Whittaker category Whit (G,P) to be the full subcategory of 
D-mod(Q Gj p) equal to the preimage of 

D-mod ((Q G , P x Ran(A)) good ) N °<^' XP C D-mod ((Q G , P x Ran(A)) good ) 

under the pull-back functor 

D-mod(Q G ,p) -t D-mod ((Q g ,p x Ran(X)) good ) . 

In other words, 
Whit (G,P) := 

= D-mod(Q GP ) x D-mod ((Q G p x Ran(A)) good ) NuG - p ' XP . 

D-mod((Q G> _pXRan(X)) good ) 

As in the case of Whit(G, G), the (fully faithful) forgetful functor 

Whit(G,P) -> D-mod(Q G ,p) 

admits a right adjoint that we denote Av N,XP . 

Note that for P = G we recover the category Whit(G, G); for P — B,we recover the category 
I(G,B). 

Remark 7.1.5. The category Whit(G, P) is the geometric counterpart of the space of functions 
on Zj^(K)\G(A)/G(0) that are equivariant with respect to N(A) against the character \p- 

7.1.6. We define the functor of degenerate Whittaker coefficient 

coeff G , P : D-mod(Bun G ) -> Whit(G,P) 

by 

coeff G , P := Av N ' XP o(r G , P ) t . 

7.1.7. As in the case of Whit(G, G), we have a canonical action of the monoidal category 
Rep(G)R an (x) on D-mod(Q Gi p), and this action preserves the full subcategory 

Whit(G,P) C D-mod(Q G , P ). 

Furthermore, the functor Av N,XP commutes with the Rep(G)R an (x)-action. 

7.2. Relation between constant term and degenerate Whittaker coefficient functors. 
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7.2.1. Note that we have a natural forgetful map 



so that 



r~» , t-> P -Sen 

tp,M : Qg,p -» Bun fi s , 



„cnh ^ „ „ 
Pp tp,M = r G,P- 



In addition to the groupoid Nq g p over Qg.p, there exists a canonically defined groupoid 
N(P)q g p that fits into a Cartesian diagram 



(Q g ,p x Ran(X)) good 



pi 



N(P)c 



P2 



(Bun^ gon x Ran(X)) good <-2i- N(P) 



P2 



(Q Gj p x Ran(X)) good 



(Bung- gon x Ran(X)) good , 



7.2.2. By a slight abuse of notation, let us denote by 

D-mod(Q G! p) N(P)u ^ c D-mod(Q G , P ) 

the full subcategory, defined in the same way as Whit(G, P), when instead of the groupoid 
Nq g p , we use N(P)q g p . We shall denote by the 

Av N < p ) : D-mod(Q G ,p) D-mod(Q G ,p) N(P)u G,p 

the right adjoint to the embedding. 

Remark 7.2.3. The category D-mod(Q G ,p) N ' P ^ jG . p is the geometric counterpart of the space 
of functions on 

Z M (K)-N(P)(A)\G(A)/G(O). 
7.2.4. We have a commutative diagram of functors 

D-mod(Q G ,p) N(P)<J G,p ► D-mod(Q G ,p) 



(7.1) 



l(G,P) 



(tG,p) + 

-+ D-mod(Bung- gon ) 



By a slight abuse of notation, we shall denote the resulting functor 

I(G,P) D-mod(Q G ,p) N(P)<J G,p 

by (r G ,p) t . 

Lemma 7.2.5. The functor (xg,p)^ : D-mod(Bung~ scn ) — > D-mod(Q G ,p) is fully faithful. 
Proof. Follows from the homological contractibility of Maps(X, M/Z° f ) gon . 
Hence, we obtain that the above functor 

(r G , P ) t : I{G,P) D-mod(Q G ,p) N(P)<J G,p 

is also fully faithful. 

Finally, we note that the diagram 

Av N(P) A/n \ 

< D-mod(Q G! p) 



□ 



(7.2) 



D-mod(Q G ,p) N(P)<J G,p 
l(G,P) 



i D-mod(Bun G 



P-gen\ 
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obtained from (|7.1|) by passing to right adjoints along the horizontal arrows, is also commutative. 

7.2.6. There is a canonical map of groupoids N(P)q g p — > Nq g p , and the restriction of the 
character \p under this map is trivial. Hence, we obtain an inclusion of full subcategories of 
D-mod(Q G , P ): 

Whit(G,P) ^ D-mod(Q G:P ) N(P)u G,p. 

This inclusion admits a right adjoint obtained by restricting the functor Av N:XP to 
D-mod(Q G , P ) N(P)Q G,f . 

7.2.7. Hence, we obtain a functor 

coeff p A/ : I(G, P) -> Whit(G, P), 

defined as 

coeff p, m := Av N ' XP o(r G , P ) t . 

By construction, the functor coeff p_m respects the action of the monoidal category 
Rep(G) Ran( x)- 

Remark 7.2.8. The functor coeff p^/ is not fully faithful. However, it follows from Quasi- 
Theorem 17.4.21 formulated below that its retsriction to the full subcategory 

I(G,P) tcmp cI(G,P) 

is fully faithful, where I(G, P)tcmp is defined via the pull-back square 

I(G, P) tcmp > I(G, P) 

D-mod(BunM)temp > D-mod(Bunjvr) 

Remark 7.2.9. The analog of the functor coeff pa/ at the level of functions takes a function on 

M(K) ■ N(P)(A)\G(A)/G(Q)) 

and averages it on the left with respect to N(M)(A)/N(M)(K) against the character x, where 
N(M) := NHM. 

7.2.10. From (|7.2|) we obtain that there exists a canonical isomorphism of functors 

D-mod(Bun G ) -4 Whit(G,P), 

namely 

(7.3) coeff G:P ~ coeff p A/ o CT™ h . 

Some intuitive picture behind the functor coeff Gj p will be suggested in Remark 17.3.61 

7.3. A strata-wise description. 
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7.3.1. Set 

Qp.m ■= Qg.p X Builp, 

Bung- gcn 

where the map Bunp — > Bun^ -6 ™ is ip. Denote the resulting map 

Qp,M -> Bunp 

by 'tp^M, and the map Qpm — > Qg,p by 'ip. I.e., we have a Cartesian diagram 

Qg,p ^ — — — Qp,M 



Bun^ gcn Bunp. 



We have: 

Lemma 7.3.2. There exists a canonically defined Cartesian square: 

Qp.M — -> 2m,m 



Bunp — — > BunM 

7.3.3. Consider the stack Bunp. The groupoid N(P) gives rise to a groupoid N(P)B unp acting 
on Bunp. 

The groupoid N gives rise to a groupoid Nq p m acting on (Qpm x Ran(X)) good . We ^ 

D-mod(Qp M ) NQp ' M ' XP C D-mod(Qp M ) 
denote the resulting full subcategory. 
Consider again the map 

qM : Qp,M — > Qm,m- 

This map is smooth and has contractiblc fibers, and we consider the corresponding fully 
faithful functor 

('q M )* : D-mod(Q M ,M) -> D-mod(Qp M )- 

We have: 
Lemma 7.3.4. 

(a) The functor (qM)* defines an equivalence 

D-mod(Bun M ) -> D-mod(Bunp) N(p)Bu °p . 

(b) The functor ('qM)* defines an equivalence 

Whit(M, M) -> D-mod(Qp M ) N<Jp ' M,XP . 
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7.3.5. The functor 

(V)* : D-mod(Q G) p) ->• D-mod(Q P , A f) 
gives rise to a (conservative) functor 

Whit(G,P) -> D-mod(Q P ,ji/) N ' JpM ' XP . 

We denote the resulting functor 

Whit(G,P) D-mod(Q P , M ) NQp - M ' XP ^ Whit (M,M) 

by ('*Af)t. 

We have a canonical isomorphism of functors 
(7.4) ('«m) ° coe ffG,p — coeff m,m CTp . 

Remark 7.3.6. From (|7.4j) we obtain the following way of thinking about the functor coeff^p: 

In the same way as the functor CTp" 11 captures more information than the usual functor 
CTp, the functor coeffc.p captures more information than the composition 

coeff m,m o CTp : D-mod(Bun G ) -> WMt(M, M). 

7.4. Spectral description of the degenerate Whittaker category. 

7.4.1. We have the following assertion: 

Quasi-Theorem 7.4.2. There exists a canonically defined fully faithful functor 

^G h p ■ Fp-mod(QCoh(LocSys P )) Whit(G,P), 

compatible with the actions of the monoidal category Rep(G)R an (x) ■ 

We note that Quasi-Theorem [7.4. 21 does not assume Conjecture 13.4.21 for M; in particular it 
includes the case of P = M = G. 

Note that for P = G, the corresponding functor Lg'p* is the functor that we had earlier 
denoted L^*, and it is fully faithful by Quasi-Theorem OU^b). 

Note also that in the other extreme case, namely when P = B, the assertion of Quasi- 
Theorem coincides with that of Quasi- Theorem [6. 6. 21 

7.4.3. The proof of Quasi-Theorem [7.4.21 is parallel but simpler than that of Quasi-Theorem 

MM 

Namely, we embed both sides into the corresponding local categories (i.e., ones living over 
Ran(X)) and use Bezrukavnikov's theory to relate the resulting category of D- modules on the 
affinc Grassmannian to the Langlands dual group. 

7.4.4. From now on, until the end of this subsection, we will assume that Conjecture 13.4.21 
holds for M, and will relate Quasi-Theorem [7.4. 21 to Quasi-Theorem [5.6.21 

The following assertion comes along with the proof: 
Proposition 7.4.5. We have a commutative diagram of functors: 

rWhit 

Fp-mod(QCoh(LocSys P )) G ' P ) Whit(G,P) 

*p| T coeff p,M 

Fp-mod(IndCoh g iob(LocSy S p)) I(G,P). 
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7.4.6. We can now formulate the following property of the geometric Langlands functor Lg 
that contains Property Wh as a particular case for P = G: 

Property Wh deg : We shall say that the functor Lg satisfies Property Wh deg for the parabolic 
P if the following diagram is commutative: 

^Whit 

Fp-mod(QCoh(LocSySp)) G,P ) Whit(G,P) 

(7.5) Fp-mod(IndCoh N . 1 g iob(LocSySp)) cocff G ,p 

i 

CT p ^ poc | 

IndCoh Nilp gob(LocSyS(5) — Lg > D-mod(Bunc). 

Note, however, that Property Wh deg is a formal consequence of Property Ei cnh and Propo- 
sition 17.4.51 



7.5. (Degenerate) Whittaker coefficients and Eisenstein series. Let P' C G be another 
parabolic. In this subsection we will assume that Conjecture 13.4.21 holds for its Levi quotient 
M' . However, we will not be assuming that Conjecture 13.4.21 holds for M. 



7.5.1. By concatenating the commutative diagrams (|7.5j) and (|6.11j) we obtain a commutative 
diagram 



(7.6) 



Fp-mod(QCoh(LocSys P )) 
F p-mod(IndCoh Ni , E iob (LocSys P )) 

CTp^ poc | 

IndCoh Nil g iob (LocSys 6 ) 



- Whit 



> Whit (G,P) 



cocffc 



D-mod(Bunc) 

|E is - h 



L p , 



Fp,-mod(IndCoh NilPglobp; (LocSySp,)) — £-> I(G,P') 



7.5.2. We have: 



Quasi-Theorem 7.5.3. The diagram (|7.6p commutes unconditionally (i.e., without assuming 
the validity of Conjecture \3.4-3\ for G). 

Remark 7.5.4. Note that if we do assume that Conjecture 13.4.21 holds for M, then in this case 
the assertion of Quasi-Theorem [7 . 5 . 31 follows from Quasi-Theorem [6.7.21 and Proposition 17.4.51 



7.5.5. Finally, we remark that for P — G, the assertion of Quasi-Theorem [7. 5 . 31 is built in the 
proof of Quasi-Theorem EU (for P 1 ). 
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8. The extended Whittaker model 

8.1. The variety of characters. Let t a dj denote the Lie algebra of the torus T/Z G . In this 
subsection we will introduce a certain toric variety ct)(G) endowed with a finite map 

(8.1) cf)(G)^t adj . 

The map (|8.ip will be an isomorphism when G has a connected center. 

8.1.1. Let A denote the weight lattice of G; let 

A pos C A and A pos < Q C A Q := A ® Q 

z 

be the sub-monoids of weights that can be expressed as integral (resp., rational) non- negative 
combinations of simple roots. Let A pos ' satG be the saturation of A pos , i.e., 

^pos,sat G .— AH A pOS '^ 

Note that the inclusion A pos A pos,satG is an equality if G has a connected center. 

8.1.2. We define 

ch(G) := Spec(/c[A pos ' satG ]). 

I.e., cf)(G) classifies maps of monoids A pos ' satG — > A , where A 1 is a monoid with respect to the 
operation of multiplication. 

The group T/Zq, which can be thought of that classifying maps of monoids A pos ' satG — > G m , 
acts on cf)(G). 

o 

Let cf)(G) C cf)(G) be the open subscheme corresponding to maps A pos,satG — > (A 1 — 0) = G m . 

o 

It is clear that the action of T/Zq on cf)(G) is simply transitive. 

8.1.3. Let P C G be a parabolic, with Levi quotient M. Consider the closed subscheme of 
cf)(G) that corresponds to maps A pos,satG — > A 1 that vanish on any element \i with 

„ ^ ^pos,sat G _ ^pos.satAf 

It is easy to see that this subscheme identifies with the corresponding scheme cf)(M), in a 
way compatible with the actions of 

T/Z% - T/Z° M . 

Furthermore, it is clear that cf)(G) decomposes as a union of locally closed subschemes 

c()(G) ~ U d)(M). 

8.2. The extended Whittaker category. 

8.2.1. We define the prestack as follows. The definition repeats that of Qg,g with the 

following difference: when considering quadruples (Tgi U,a,^), we let 7 be a section over U of 
the scheme MG) Kulx)]v ^-i. 

In other words, the datum of 7 assigns to every /i G A pos ' satG a map of line bundles over U: 

(8.2) 7(M):M(yT)^(4) t3(A1 ' 2/5> k- 

(Note that when G has a connected center, the datum of 7 amounts to a map o^(IV) ~^ ^xlu 
for every simple root of G.) 

We let t£?* G denote the forgetful map Q G * G — > Bunc- 
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8.2.2. The groupoid of fc-points of Q GG identifies with the quotient 

T(K)\(n(K)\G(A)/G(0) x ct,(G)(K)), 
where T acts on cf) via the projection T -» T/Z G . 

8.2.3. We let Ngext^ the groupoid on (Q^g X Ran(X)) (rQod obtained by lifting the groupoid 
N on (Buiig" gen xRan(l) 



good 

As in the case of Qg,g, the groupoid Npcxt is endowed with a canonical character x° xt with 



values in 



8.2.4. We consider the twisted Ngext^-equivariant category of D-mod ^ (Q^g x R&npO) r 
and as in Proposition 1 5 . 6 . 21 the forgetful functor 



D-mod ((Q c G xt G x Ran(X)) good ) h- D-mod ((Q c G xt G x Ran(A)) good 

is fully faithful. 

8.2.5. We define the extended Whittaker category Whit ext (G, G) as the preimage of 

D-mod ((Qgf G x Ran(X)) good ) N<JSItG ' XtXt C D-mod ((Qg% x Ran(X)) good 
under the pull-back functor 

D-mod(Q c G xt G ) -> D-mod ((Qgf G x Ran(A)) good 
I.e., 

Whit cxt (G,G) := 

= D-mod(Q° G xt G ) x D-mod ((Q^ G xRan(X)) ) NQ ^ ,X . 

D-mod ( ( Q°*f a X Ran( X) ) J 

As in the case of Whit(G,G), the (fully faithful) forgetful functor 

Whit cxt (G, G) -> D-mod(Q cxt ) 
admits a right adjoint, that we denote by Av N,x 

8.2.6. We observe that as in Proposition 15.7.41 we have a canonical action of the monoidal 
category Rep(G) Ran ( X ) on D-mod(Q ext ) that preserves the full subcategory 

Whit 0Xt (G,G) C D-mod(Q oxt ) 

and commutes with the functor Av N:X 

8.2.7. We introduce the functor of extended Whittaker coefficient 

coeffgf G : D-mod(Bun G ) -> Whit cxt (G, G) 

to be 

coeff G xt G :=Av N ^ oxt o(r c G xt G )t. 

By construction, the functor coeff^Q is compatible with the action of the monoidal category 
Rep(G) RanOT . 
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8.2.8. We propose the following crucial conjecture: 
Conjecture 8.2.9. The functor coeff™ G is fully faithful. 

We have: 

Quasi-Theorem 8.2.10. Conjecture EHOl holds for G = GL n . 

In fact, Quasi-Theorem l8.2.10l is a theorem for n = 2, and for general n is the current project 
of J. Bar lev. Its proof uses the mirabolic subgroup and the classical strategy of expressing the 
functor coeff^g as a composition of n — 1 Fourier transform functors. 

8.3. Extended vs. degenerate Whittaker models. 

8.3.1. Let P be a parabolic in G with Levi quotient M. Note that we have a canonically 
defined locally closed embedding of prestacks: 

ip : Qg.p — > 2g,G- 

o 

Namely it corresponds to the locally closed subscheme cf)(M) C cf)(G). In other words, 
Maps(S', Qg,p) is a subgroupoid of Maps(S', Qqq), corresponding to those (Vq, U, a, 7), for 
which the maps 7 (fi) of (18. 2|) satisfy: 

• For fi £ A pos - satM , we have j(fi) = 0. 

• For /1 G A pos,satM , the map 7(/i) is an isomorphism (possibly, after shrinking the open 
subset U). 

8.3.2. For P = G we will sometimes use the notation j instead of ia, to emphasize that we are 
dealing with an open embedding. 

For the same reason, we will use the notation j* instead of y. The functor j* admits a right 
adjoint, denoted j,, given by the D-module direct image. 

8.3.3. The restriction of the groupoid Nqg^ to Qg,p identifies with Nq g p , and the character 
X cxt restricts to \p- 

Hence, the functor (ipy gives rise to a functor 

(i P ) f : Whitf *(G, G) -> Whit(G, P). 

One shows that the partially defined left adjoint (ip)\ to (ip)^ is well-defined on the full 
subactegory 

Whit(G,P) C D-mod(Q G , P ). 

Hence, we obtain a functor 

(ip), : Whit(G, P) Whit^(G, G), 
which is fully faithful, since ip is a locally closed embedding. 

8.3.4. In particular, the functor coeff^Q contains the information of all the functors coeffcp: 

(8.3) coeff G ,p ~ (ip)t o coeff^ G . 

Note that we have the following consequence of Conjecture 18.2.91 

Corollary-of-Conjecture 8.3.5. Let M G D-mod(Bunc) be such that coeff<3,p(M) = for 
all parabolics P (including P = G). Then M = 0. 

8.4. Cuspidality. 
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8.4.1. We shall call an object M G D- mod (Bung) cuspidal if it is annihilated by the functors 
CTp for all proper parabolics P of G. Wc let 

D-mod (Bung ) cusp C D- mod (Bung) 

the full subcategory spanned by cuspidal objects. 

8.4.2. Note that since for a given parabolic P, the functor v P is conservative, an object M G 
D-mod(Bun G ) is annihilated by CTp if and only if it is annihilated by CTp lh . 

From (|7.3[) we obtain that if M is cuspidal then all coeff G ,p(M) are zero. In particular, we 
have: 

Corollary 8.4.3. Let M G D-mod(Bun G ) be cuspidal. Then the canonical map 

coeffg? G (M) j. oj-(coeff c G %(M)) 

is an isomorphism. 

8.4.4. Note, however, that from (17.4[) and Corollary 18.3.51 (applied to proper Levi subgroups 
of G), we obtain: 

Corollary-of-Conjecture 8.4.5. // M G D-mod(Bun G ) is such that coeff G .p(jV[) = for all 
proper parabolics P, then M is cuspidal. 

And, hence: 

Corollary-of-Conjecture 8.4.6. Let M G D-mod(Bun G ) be such that the map 

coefFgf G (M) -> j. oj'(cocff c G %(M)) 
is an isomorphism. Then M is cuspidal. 

9. The gluing procedure 
9.1. Gluing of DG categories, a digression. 

9.1.1. Let A be a small category, and consider a functor €. : A — > DGCat con t 

aeA i y C a , 

ai^a 2 h-> £(</>) : C ai ->• C a2 . 

We assign to it its lax limit 

Glue(cr) G DGCat 

cont 

characterized by the following universal property: 

For D G DGCat C ont, the datum of a continuous functor 

S : D -> Glue(Cr) 
is equivalent to that of a collection of continuous functors 

S Q : D -> C OJ a G A, 
equipped with a compactible system of natural transformations 

£(0) o S 0l — ^ S Q2 , a% -4 «2- 

Note, however, that we do noi require that the natural transformations S(</>) be isomor- 
phisms. 

Taking D to be Vect, we obtain a description of the oo-groupoid of objects of Glue(C). 
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9.1.2. We have the natural evaluation functors 

ev a : Glue(£) C a , a G A 
These functors admit left adjoints, denoted insJ3- 
Explicitly, the composition 

ev a2 o ins ai : C ttI ->• C a2 

is calculated as the colimit in Funct con t(C ai , C a2 ) over the oo-groupoid Maps^(ai, 02) of the 
functor 

((f) G Maps A (oi,o 2 )) >->■ (<£(<£) G Funct cont (C ai , C Q2 )). 
In particular, we have: 

Lemma 9.1.3. Suppose that a £ A is such that Maps^(a, a) contractible. Then the functor 
ins a is fully faithful. 

9.1.4. Here are is a typical example of the above situation. Let y be a topological space, 
i : ^i y a closed embedding, and j : V the complementary open. 

Let A be the category [0, 1]. We let Cj be the DG category Shv(yi) of (say, all) sheaves of 
k- vector spaces on Vj. We let Co — > Ci be the functor r ojt. 

We claim that the resulting lax-limit category Glue(£) identifies with Shv(y). Indeed, the 
functor Shv(y) — > Glue(£) is constructed as follows: 

The functor S : Shv(y) -> Shv(y ) is j ! ; the functor Si : Shv(y) -> Shv(^i) is i ! , and the 
natural transformation 



(i °Ji) °J -> i 



comes from the (jt, j ! )-adjunction. 



9.1.5. Let now T : £' — > (£" be a natural transformation. I.e., for every a G A, we have a 
functor T a : C„ — > C", and a compatible system of commutative diagrams 

C' ai -^-> C» 
<e'0)| 

p/ T "2 , p// 

for every ai — > a^. 

In this case we have a naturally defined functor 

Glue(T) : Glue(C) -> Glue(C')- 

We have: 

Lemma 9.1.6. Assume that each of the functors T a : C' a — > C" is fully faithful. Then so is 
Glue(L). 

9.2. The extended Whittaker model as a glued category. 



^The notation "ins" is for "insert" . 
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9.2.1. We let A be the category Par(G) opposite to the poset of standard parabolics of G. For 
each parabolic we consider the category 

Whit(G, P). 

We extend the assignement P i-> Whit(G, P) to a functor 

Par(G) -> DGCat cont 
by sending an inlcusion P\ C Pi to the functor 

(ipj 1 ° (ip 2 )!- 

Let Glue(G) ge0 m denote the resulting lax limit category. 

9.2.2. We have a naturally defined functor 

Whit(G, G) oxt -> Glue(G) gcom 
corresponding to the collection of functors (ip^ ■ 

As in Sect. 19.1. 4[ we have: 
Lemma 9.2.3. The above functor Whit (G, G) oxt — > Glue(G) g0O m is an equivalence. 
By definition, the resulting adjoint pair of functors 

insp : Whit(G, P) <=* Glue(G) ge0 m : evp 
identifies with the adjoint pair (ip)\, (ip) • 

9.3. The glued category on the spectral side. 

9.3.1. Consider again the category Par(G). For each parabolic we consider the category 

F p-mod(QCoh(LocSySp)) . 
We are now going to upgrade the assignment 

P i ^ Fp-mod(QCoh(LocSys P )) 
to a functor Par(G) — > DGCat con t- 

9.3.2. For Pi C P2, let Pp 1 /p.,, spcc denote the correspoding map 

LocSys p — > LocSys p 2 . 
As in Sect. 16.51 we have an adjoint pair of functors 
(Pp 1 /p 2 , sp cc)i ndCoh : IndCoh N . lp giob(LocSySp i ) ^ IndCoh Nilp ^,b(LocSySp 2 ) : P Pl/ p 2)Spec , 

and the same-named pair of functors 

(p^/p^pcc) 1 * 11 ^ 011 : Fp.-modtlndCoh^p^LocSySpJ) ^ 

Fp 2 -mod(IndCoh Nilp giob(LocSySp 2 )) : P Pl/ p 2!S p CC 

that commute with the forgetful functors 

oblvpp. : Fp i -mod(IndCoh Nilpg iob(LocSySp.)) — > IndCoh Nilpg iob(LocSySp.). 



76 DENNIS GAITSGORY 

9.3.3. Recall also the functors 

as. : Fp i -mod(QColi(LocSySp. )) i=* Fp i -mod(IndCoh Nil E iob (LocSySp. )) : \t p . 

We define the functor 

Fp 2 -mod(QCoh(LocSySp 2 )) — > Fp 1 -mod(QCoh(LocSys Pi )) 
to be the composition 

*A °Pp 1 /P 2 , S pcc oS p 2 - 

9.3.4. We denote the resulting lax limit category by 

Glue(G) sp 

For a parabolic P, we let ev P spec denote the corresponding evaluation functor 
Glue(G) spoc — > Fp-mod(QCoh(LocSySp)), 
and by ins P spec its left adjoint. 

By Lemma 19.1.31 the functors ins p spcc are fully faithful. 

Note that since the functors (|9.1I) are compatible with the action of the monoidal category 
QCoh(LocSyS(j), the category Glue(G) spcc also acquires a QCoh(LocSySg)-action. 

9.3.5. We now claim that there exists a canonically defined functor 

Glue(CT™ h c ) = IndCoh mip gob(LocSy S(5 ) -> Glue(G) spcc . 
Namely, it is given by the collection of functors for each parabolic P: 

IndCoh Nilp giob (LocSysg) -^? ot 

— > Fp-mod(IndCoh Ni , giob(LocSySp)) — ^ Fp-mod(QCoh(LocSys p )). 

By construction, the functor Glue(CT™' 1 c ) respects the action of the monoidal category 
QCoh(LocSyS(j). 

9.3.6. We propose: 

Conjecture 9.3.7. The functor Glue(CT™^ c ) is fully faithful. 
We have: 

Quasi-Theorem 9.3.8. Conjecture \9.3. 7| holds for G = GL n . 

In fact, the assertion of Quasi-Theorem l9.3.8l is a theorem for n = 2. 

9.4. Extended Whittaker compatibility. 
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9.4.1. We now make the following crucial statement: 
Quasi-Theorem 9.4.2. 

(a) The assignment that sends a parabolic P to the functor 

^a h p ■ Fp-mod(QCoh(LocSy S p)) -> Whit(G,P) 
extends to a natural transformation of functors Par(G) — ► DGCat con t- 

(b) The resulting functor LjYg* 

Glue(G) spoc -> Glue(G) gcom ~ Whit(G, G) cxt 
is compatible with the actions of Rep(G)rt an (x)- 

Remark 9.4.3. By definition, the statement of Quasi-Theorem 15.4.21 amounts to a compatible 
family of commutative diagrams 

j^Whit 

Fp 2 -mod(QCoh(LocSySp 2 )) — ^> Whit(G,P 2 ) 

*P 1 Pp 1 /P 2 .speo° S P 2 | I (ij»l) f °(ip 2 )l 

j^Whit 

Fp 1 -mod(QCoh(LocSys Pi )) — ^ Whit (G, Pi) 

for P 1 CP 2 - 

So far, this commutative diagram has been constructed for P 2 = G and P\ = B (assuming 
Quasi-Theorem [6.6.21 for P — B). The proof of Quasi-Theorem [9.4.21 in the above case is a 
rather illuminating explicit calculation, which we unfortunately have to omit for reasons of 
length of this paper 

In particular, Quasi- Theorem ®. 4.21 is a theorem for G = GL 2 modulo Quasi-Theorem IB. 6. 21 
9.4.4. Combined with Lemmas [9.2.31 and !9.1.6[ Quasi-Theorem [9. 4.21 implies: 
Quasi-Theorem 9.4.5. The functor 

xt : Glue(G) spoc -> Whit(G, G) cxt 

is fully faithful. 

9.4.6. We are now ready to state Property Wh cxt of the geometric Langlands functor Lg in 
Conjecture 13.4.21 

Property Wh ext : We shall say that the functor ho satisfies Property Wh GXt if the following 
diagram is commutative: 

j^Whit cxt 

Glue(G) spC c G -° ) Whit(G,G) oxt 

(9.2) Gluc(CT- h c )| [coeff^, 

IndCoh Nilpg iob (LocSysg) — Lg > D-mod(Bunc). 



15- 



The write-up of the proof is available from the author. 
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Note that Property Wh oxt contains as a particular case Property Wh deg , by concatenating 
9.2|) with the commutative diagram 



Fp-mod(QCoh(LocSySp)) a ' P > Whit (G,P) 

(ip) 1 " 

L Whit cxt 

Glue(G) spec ° G > Whit(G,G) oxt 

9.4.7. Note that by combining Conjectures I8.2.91 19.3.7I and Quasi- Theorem [5. 4. 51 we obtain: 
Corollary-of-Conjecture 9.4.8. 

(a) Property Wh ext determines the equivalence L G uniquely, and if the latter exists, it satisfies 
property He naive . 

(b) The equivalence L G exists if and only if the essential images of 

IndCoh Nilpg iob (LocSys G ) and D-mod(Bun G ) 

in Whit(G, G) cxt under the functors 

L^*"* o Glue(CT^) and coeff° G xt G , 

respectively, coincide. 

In Sect. 111.31 we will show (assuming Quasi-Theorem [9.4.21 and Quasi- Theorem [9. 5. 31 below) 
that the condition of Corollary 19.4.8T b") is satisfied for G = GL2, thereby proving Conjec- 
ture 13.4.21 in this case. 

9.4.9. Let us for a moment assume the validity of Coni ectures 13 . 4 . 2l and 19 . 3 ."71 for G. We obtain 
the following geometric characterization of the full subcategory 

D-mod(Bun G ) te mp C D-mod(Bun G ). 

Corollary-of-Conjecture 9.4.10. An object M £ D-mod(Bun G ) belongs to the subcategory 
D-mod(BunG)temp */ an d only if the canonical map 

ji(coeff G>G (M)) -»■ cocff c G xt G (M) 

is an isomorphism. 

9.5. Extended Whittaker coefficients and Eisenstein series. Let P' C G be another 
parabolic. In this subsection we will assume that Conjecture 13.4.21 holds for its Levi quotient 
M'. 

9.5.1. By concatenating the commutative diagrams (|9.2[) and (|6. 1 1[) we obtain the following 
commutative diagram 

L Whit cxt 

Glue(G) spoc G,G ) Whit(G,G) cxt 

Gluc(CT^ c 

(9-3) IndCoh Nilpg iob(LocSys G ) D-mod(Bun G ) 

Eis e ", h 



Eis c " h 

F" ,spe 



Fp,-mod(IndCoh Ni i p iobP ,(LocSy Sj p,)) — ^ I(G,P' 
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9.5.2. We have: 

Quasi-Theorem 9.5.3. The diagram (|9.3p commutes unconditionally (i.e., without assuming 
the validity of Conjecture \3.J^.2\ for G). 

10. Compatibility with Kac-Moody localization and opers 

10.1. The category of Kac-Moody modules. Many of the objects discussed in this sub- 
section do not, unfortunately, admit adequate references in the existing literature. Hopefully, 
these gaps will be filled soon. 

10.1.1. Let k be a level, i.e., a G-invariant quadratic form on g. We consider the corresponding 
affine Kac-Moody Lie algebra g K , which is a central extension 

O^fc^£( fl , K )^ ((t))^O, 

and the category £(g, n)-mod as defined in |FG21 Sect. 23.1] 

We consider the group-scheme £ + (G) := Gftj, and our primary interest is the category 
KL(G, k) of £ + (G)-equivariant objects in £(g, K)-mod. 

Remark 10.1.2. The eventually coconnective part of KL(G, k) (the subcategory of objects that 
are > — oo with respect to the natural t-structure) can be defined by the procedure of |FG3, 
Sect. 20.8]. The entire KL(G, k) is defined so that it is compactly generated by the Weyl 
modules. 

10.1.3. For this paper we will need the following generalization of the category KL(G, k): 

For a finite set I, we consider the variety X 1 . Over it there exists a group ind-scheme 
Z(G) x i , equipped with a connection; and a group subscheme Z + (G) x i ■ Let £,(q) x i denote the 
corresponding sheaf of topological Lie algebras over (X 1 )^. 

We let £(g, k) x i be the central extension of £(g) x i corresponding to k, and we consider the 
corresponding category 

KL{G,n) x , :=£(g) x ;-mod £+(G) ^. 

10.1.4. For a surjective map of finite sets I2 -» I2 there is a naturally defined functor 
(10.1) KL(G,k) x i 1 ->• KL(G, k) x i 2 . 

The assignment I n> KL(G, k) x 1 extends to a functor 

(fSet surj ) op -> DGCat 

cont 

(see Sect. 14.1.21 for the notation) and we set 

KL(G, /c) Ran (X) := colim KL{G,n) x i. 
/e(fSet Burj )°p 



^In loc.cit. it was referred to as the renormalized category of Kac-Moody modules. 
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10.1.5. Assume now that k is integral, which means by definition, that the central exctension 
of Lie algebras 

-> k -> £(fl,«) -> £(g) 
comes from a central extension of group ind-schemes 

1 -> G m £(G, £(G)jc' 1, 

functorial in / 6 fSet sur j. 

In this case, for every finite set /, there exists a canonically localization functor 

Loc G x 1 '■ KL(G, n)x' ~> D-mod(Bun G ). 
These functors are compatible with the functors (jlO.ip . and hence we obtain a functor 
Loc G : KL(G, n) Kan (X) -> D-mod(Bun G ). 

We have the following assertion: 

Proposition 10.1.6. Let U C Bun G be an open substack such that its intersection with every 
connected component of Bung is quasi- compact. Then the composed functor 

KL(G,K) Ran(x) ^ D-mod(Bun G ) -> D-mod(U) 
is a localization, i.e., admits a fully faithful right adjoint. 

Remark 10.1.7. For any k, we have a functor Loc G from KL(G, K)R an (jf) to the corresponding 
category of n- twisted D- modules on Bung, and the analog of Proposition llO.l.Tfl holds. The 
proof amounts to a calculation of chiral homology of the chiral algebra of differential operators 
on G introduced in [SrkhG . 

10.1.8. From now on we will fix k to be the critical level, i.e., — ■ !s f iL , where kku is the Killing 
form. 

Remark 10.1.9. Using an intrinsic characterization of the subcategory 

D-mod(Bunc)tomp C D-mod(BunG) 

described in Sect. 14.6.71 and using the properties of the category KL(G, crit) with respect to the 
Hecke action (essentially, given by |FG3[ Theorem 8.22]), one shows that the essential image of 
the functor 

Loc G : KL(G,crit) Ran ( X ) D-mod(Bun G ) 
lands inside D-mod(Bun G )t cm p- For the latter it is crucial that the value of k is critical (as 
opposed to arbitrary integral). 

10.2. The spaces of local and global opers. 

10.2.1. Let / be again a finite non-empty set, and let Xj be a map from / to the set A + of 
dominant weights of G, which are the same as dominant co- weights of G. 

Local A 7 -opers for the group G form a DG scheme mapping to X 1 , denoted Op(G)^j c , defined 
as follows. 

For S £ DGSch aff , an 5-point of Op(G)^ c is the data of 
where: 

• x is an iS-point of X 1 ; we let D x be the corresponding parameterized family of formal 
discs over S. 
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• Tq is a G-bundle over T>x- 

• a is a datum of reduction of to a B-bundle !Pg, whose induced T- bundle is 
identified with p(u>x) ® (— A J ■ ie)|d x , where we regard A 7 A-valued Cartier 
divisor on 5 x I. 

• V is a datum of "vertical" connection on 7q along the fibers of the map D x — > S, i.e., 
a datum of lift of Tq from a G-bundle on (D x )d r X S. 

•Sdr 

Note that the discrepancy between a and V is given by a section of 

V mod B G (s/b)y B tgiuJxlv^ 
We require that the following compatibility condition be satisfied: 

• V mod B belongs to the sub-bundle (&~ 1 /b)'j> e ® oj x\d x ] where (fl _1 /b) C (fl/b) is the 
i?-subrepresentation spanned by negative simple roots. 

• For each vertex of the Dynkin diagram i, the resulting section of 

{g- 1Ai /bh B ®w x |d £ =s -ai{9 f ) (g)a;x|D £ 

is the canonical map 

0©« -> 0((A / ,a i ) -x)|d £ ^ -QfiC^f) 

Remark 10.2.2. As 5 is a derived scheme, some care is needed to makes sense of the expression 
V mod B (see, e.g., |AG| Sect. 10.3] for how to do this). However, a posteriori, one can 
show that the DG scheme Op(G)^ c is classical, so we could restrict our attention to those 
S G DGSch a that are themselves classical. 

10.2.3. We define the DG scheme Op(G)^'° b similarly, with the only difference that instead of 
the parameterized formal disc D x we consider the entire scheme S x X . 

By construction, we have the forgetful maps 

LocSysg 

V A-f 

Op(G)f? h Op(G)>°/. 

Remark 10.2.4. We note that, unlike, Op(G) 1 ^ > f c , the DG scheme Op(G)f ° is typically not 
classical. 

10.2.5. Let LocSysJj rcd C LocSysg be the open substack corresponding to irreducible local 
systems. Let 

Op(G)f J ob ' irrcd c Op(G)f, ob 
be the preimage of LocSysg od under the map v A /. 

We have: 
Lemma 10.2.6. The map 

v v : Op(G)f, ob ' irrcd -y LocSys|' od 

is proper. 
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Consider the functor 

(10.2) (v A i) ! : QCoh(LocSys G rod ) -> QCoh(Op(G)f J ob ' irrcd ) 
right adjoint to 

(10.3) (v A i), : QCoh(Op(G)f J ob ' irrcd ) -> QCoh(LocSys G rcd ). 
10.2.7. We propose the following conjecture: 

Conjecture 10.2.8. Let 9 e QCoh(LocSys G rcd ) be such that (v A /) ! (J) = for all finite sets I 
and X 1 : I -> A+. TTien £F = 0. 

Theorem 10.2.9. Conjecture \l 0. 2. 8\ holds for G = GL n . 

We also note that recent progress made by E. Hrushovski and T. Schlank implies that 
Coni ect ure 1 1 . 2 . 8l holds for all classical groups. 

10.2.10. We can reformulate Conjecture 110.2.81 as follows: 

Corollary-of-Conjecture 10.2.11. The union of the essential images of the functors 

(v v ). : QCoh(Op(G)f I ob ' irrod ) QCoh(LocSys G rcd ) 
over all finite sets I and X 1 : I — > A + , generates QCoh(LocSys G red ). 
10.3. Opers and Kac-Moody localization. 
10.3.1. The following is an extension of |FG1[ Proposition 3.5]: 
Proposition 10.3.2. 

(a) For a finite set I and X 1 : I — > A + there exists a canonically defined functor 

L° Pa ' : QCoh(Op(G) A D /) -> KL(G,cxit) x x. 

(b) For a fixed finite set I , the union of essential images of the functors ^q Px ' over X 1 : / — > A + 
generates KL(G, crit)^! . 

10.3.3. The next theorem is a moving-point version of |BD2[ Theorem 5.2.9]: 

Theorem 10.3.4. 

(a) The composed functor 

QCoh(0p(G) A 3 / : ) ^ KL(G,ctit) x i L °^ x ' D-mod(Bun G ) 
canonically factors as 

QCoh(Op(G) A D f c ) (U ^1* QCoh(Op(G)f J ob ) q " 1 ^ 1 D-mod(Bun G ). 

(b) The resulting functor\^\ 

q-Hitch Af : QCoh(Op(G)f° b ) D-mod(Bun G ) 

respects the action o/Rep(G)ft an (jf), where the latter acts on QCoh(Op(G)fr° ) via the compo- 
sition (v A /)* o Loc G spcc and on D-mod(Bun G ) via the functor Sa^G)^™^ j . 



17 The notation "q-Hitch" stands for "quantized Hitchin map" 
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10.3.5. We are finally ready to state Property Km prcl of the geometric Langlands functor Lg 
in Conjecture 13.4.21 ("Km" stands for Kac- Moody): 

Property Km prel : We shall say that the functor L G satisfies Property Km plGl if for every 
finite set I and A/ : I — > A + , the following diagram is commutative: 

L, 



(10.4) 



IndCoh Nilp gob (LocSysg) 
QCoh(LocSyS(j) 



QCoh(Op(G) g ' ob ) 



-> D-mod(BunG) 



q-Hitch A / 



-+ QCoh(Op(G)f f ob ). 



10.4. The oper vs. Whittaker compatibility. 

10.4.1. For a finite set I and a map Aj : I — > A+ let us concatenate the diagrams (|10.4[) and 
Using the fact that vPg o ~ Id, we obtain a commutative diagram 

L 



Pep(G) Ran ( X ) 



(Whit 

Vect — — > 



D-mod(Ran(X)) 



(10.5) 



QCoh(LocSysg) 
QCoh(Op(G)f 7 ob ) 



Whit(G) 

J cocffc 

D-mod(Bunc;) 

J q- Hitch ^ 

■* QCoh(Op(G)? 1 7 ob 



We claim: 



Theorem 10.4.2. The diagram (|10.5p commutes unconditionally, i.e., without assuming the 
validity of Conjecture \3.4-2\ 

Remark 10.4.3. The proof of Theorem 110.4.21 amounts to a computation of chiral homology 
of the chiral algebra responsible for the scheme of opers, and the Feigin-Frenkel isomorphism 
that identifies it with the Whittaker BRST reduction of the chiral algebra corresponding to 
£(fj,crit). 

10.4.4. As a corollary of Theorem 110.4.21 we obtain: 
Corollary 10.4.5. The following diagram is commutative 

.Whit 

QCoh(LocSys 6 ) — ^ Whit(G,G) 



IndCoh Nilp giob (LocSys l 



S G°(V)* 



QCoh(Op(G)^ ob ) 



COCiFg,G 

■q) D-mod(BuiiG) 

j" q-Hitch A / 

■> QCoh(Op(G)f° b ). 



1(1 
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10.5. Full compatibility with opers. The material in this subsection will not be used else- 
where in the paper. We will discuss a stronger version of Property Km prel of the geometric 
Langlands functor that we call Property Km. As adequate references are not available, we 
will only indicate the formal structure of the theory once the appropriate definitions are given. 

10.5.1. For every finite set I one can introduce prestacks Op(G)^/ and Op(G)^° b , by con- 
sidering "opers with singularities but without monodromy" , instead of A/-opers for a specified 
\i : I -> A+. For / = {1} the local version is defined in [FGT1 Sect. 2.2]. 



We have a diagram 



LocSySg, 



Op(G)$f Op(G)^. 



10.5.2. We have: 



Quasi-Theorem 10.5.3. There exists a canonically defined equivalence 



h j xl : QCoh(Op(G)£?) -> KL(G,cxit) x i, 
extending the functors Lq PaI of Proposition 1 1 0. 37W a ). 

The proof of Quasi-Theorem [10. 5.31 is the current project of G. Fortuna. 

10.5.4. Passing to the limit over / G (fSet sur j) op , we obtain a diagram 

LocSysg 

(10.6) v Ran(x) | 

0p(G)l O n b (x) Op(G)^ (x) 

and an equivalence 

L° Pr » <x) : QCoh(Op(G)^ n(x) ) KL(G,crit) Ran(Jf) . 

Push-pull along (| 1 .6|) defines a functor 

Pom C( 3 !Spec : QCoh(Op(G)^ n(x) ) QCoh(LocSys e ). 

10.5.5. The full Property Km of the geometric Langlands functor Lg reads: 

Property Km: We shall say that the functor satisfies Property Km if the diagram is 
commutative: 

IndCoh Nilpg iob (LocSysg) — > D-mod(Bun<3) 



QCoh(LocSysg) 



Loc G 



L. 



Op 



Ran(X) 



QCoh(Op(G)£ a c n(Jf) ) -2 ► KL(G,crit) Ran(x) . 
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10.5.6. Finally, we propose the following two closely related conjectures: 
Conjecture 10.5.7. The fibers of the map Vp tan (x) are O-contractible, i.e., the functor 
VRa„(A-) : QCoh(LocSys G ) QCoh(Op(G)^ (x) ) 

is fully faithful. 

Remark 10.5.8. Conjecture 110.5.71 can be reformulated as saying that the functor 

(vRa„ ( x))* : QCoh(Op(G)^ (x) ) QCoh(LocSys G ) 

is a co-localization, i.e., it identifies the homotopy category of QCoh(LocSys G ) with a Verdier 
quotient of QCoh(Op(G)^ rl / Jf A Note that this equivalent to (vu.an(x))* being a localization, 
i.e., that its (not necessarily continuous) right adjoint is fully faithful. 

Remark 10.5.9. Note also that Conjecture 110.5.71 is a strengthening of Conjecture 110. 2. SI It is 
also a theorem for G = GL n . The recent work of T. Schlank indicates that it also holds for all 
classical groups. 

Conjecture 10.5.10. The functor Poinc G spoc is a localization, i.e., it identifies the homotopy 
category of QCoh(LocSys G ) with a Verdier quotient of QCoh(Op(G)p^ n j X -,). 

11. THE PROOF MODULO THE CONJECTURES 

11.1. Proof of the generalized vanishing conjecture. The proof of both Theorem l4.5.2l of 
Conjecture 13. 4. 21 relies on the following description of generators of the category D-mod(Bun G ): 

Theorem 11.1.1. The union of the essential images of the functors 

Loc G : KL(G, Ac) Ran(A -) -> D-mod(Bun G ) 

and 

Eisp : D-mod(BmiM) — > D-mod(Bun G ) 
for proper parabolics P C G, generates D-mod(Bun G ). 

Sketch of proof. Let M € D-mod(Bun G ) be right-orthogonal to both the essential image of Eisp 
for all proper parabolics P C G and Locq. We need to show that M = 0. 

Reduction theory implies that there exists an open substack 

U Bun G 

such that its intersection with every connected component of Bun G is quasi-compact, and which 
has the following property: 

For every object M' 6 D-mod(Bun(3) cusp , the canonical arrow 

(11.1) M'^/.o/'(M') 

is an isomorphism. 

On the one hand, the assumption that M is right-orthogonal to the essential image of Eisp 
for all proper parabolics P C G, implies that M € D-mod(BunG) cusp . Now the fact that M = 
follows from Ijll.ljl and Proposition 110. 1 .1)1 

□ 



8(5 



DENNIS GAITSGORY 



11.1.2. We are now ready to prove Theorem 14.5.21 

Proof. Let 3 6 Rep(G)R an (x) be an object such that Locg s (S 1 ) = 0. We need to show that 
the action of 5" on D-mod(BuiiG) is also zero. For that it is sufficient to show that 1 acts by 
zero on a subcategory of D-mod(BunG) that generates it. 

By Theorem 110.3. 4( b). the action of £F on objects in the essential image of the functor 
q-Hitch A / (for any finite set I and X 1 : I — >• A + ) is zero. Combined with Proposition [TU321 this 
implies that 3" acts by zero on the essential image of Locg x' for any finite set /, and hence, 
on the essential image of Locg ■ 

By Theorem 111.1.11 it remains to show that "5 acts by zero on the essential image of Eis p 
for all proper parabolics P C G. 



This follows from the next assertion, which is itself a particular case of Quasi-Theorem 16 .6 . 2\ 
but can be proved in a more elementary way by generalizing the argument of [BG, Theorem 

1-11]: 

Proposition 11.1.3. Assume that Theorem \4-5.2\ holds for the Levi quotient M; in particular 
we have an action of QCoh(LocSys^) on D-mod(BunM)- 

(a) The functor 

Eisp : D-mod(BunAf) — > D-mod(Bunc) 

canonically factors as 

qj, apcc £S>Id EiSp* 

D-mod(BunM) '— > QCoh(LocSys P ) <g> D-mod(Bunjvf) — > 

QCoh(LocSys A ^) 

— > D-mod(BunG)- 

(b) For 3" e Rep(G)R an (jf) and M € QCoh(LocSys P ) ® D-mod(BunM), we have a 

QCohfLocSys^) 

canonical isomorphism 

<r*Eis£*(M) * Eis'^ (p P spcc (Lo C( 5 iSpcc (J)) ® m) , 
where — * — denotes the monoidal action of Rep(G)R an (x) on D-mod(Bun<3). 

□ 

Remark 11.1.4. The functor Eisp' can also be interpreted as a composition of Eis™ 11 with a 
canonically defined functor 

QCoh(LocSySp) <g> IndCoh N .. g io b (LocSys A/ ) -> I(G, P), 

QCoh(LocSysjj) P m 

which in terms of the equivalence Lp corresponds to 

qp ec 

QCoh(LocSysp) ® IndCoh N ., g iob (LocSys^) 

QCoh(LocSy Sjd ) P m 

indp - 

— > IndCoh Nilpg iob(LocSysp) — -f indF j5 -mod(IndCoh Nilpg iob (LocSysp)), 



up to an auto-equivalence of D-mod(BunM). 
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^cxt 



11.2. Construction of the functor. From now on, we shall assume the validity of Conjectures 
I9.3.7[ 1872.91 and I10.2.8I (which are theorems for GL2) and all the Quasi-Theorems, and deduce 
Conjecture 13.4.21 

By induction on the rank, we can assume the validity of Conjecture 13.4.21 for proper Levi 
subgroups of G. 

11.2.1. By Conjecture 18.2.91 the existence of the functor amounts to showing that the 
essential image of the functor 

j^Whit cxt 

Gluc(G) spcc G ' G > Whit(G,G) cxt 

Gluo(CT^ c ) 

IndCoh Nilp gob (LocSysg) 

is contained in the essential image of the functor 

Whit(G, G) c 

D-mod(Bunc). 

The latter is enough to check on the generators of IndCoh Nilpg iob (LocSySg). 

By Conjecture 110.2. TT1 and Proposition 16.4.7T b). the category IndCoh NUpg iob (LocSysg) is 
generated by the union of the essential images of the following functors: 

• EiSp : IndCoh N ., E iob (LocSys»> ) — > IndCoh N .. g iob (LocSysg) for all proper parabol- 
ics FcG. 

• Sgoj t o (v\i)* : QCoh(Op(G)| 1 ° b ' 11Icd ) — > IndCoh Nilp gob (LocSysg) for all finite sets I 
and X 1 : I — > A + , where j denotes the open embedding LocSySg red ^ LocSysg. 

11.2.2. The containment of Sect. 111.2.11 for the functors 

Eis p, sp cc : IndCoh N . lpS iob(LocSys A ) -> IndCoh Nilp gob (LocSysg) 
is equivalent to one for the functors 

Eis F,spec : Fp-mod(IndCoh N . lp giob(LocSySp)) -4 IndCoh Nilp gob (LocSySg). 

For the latter, it follows from Quasi-Theorem [5.5.31 

11.2.3. It remains to show the containment of Sect. 111.2.11 for the functor 

S 6 o Jm o (v A i). : QCoh(Op(G)^ ob ' irrcd ) IndCoh N . lp gob(LocSys 6 ) 

for a fixed finite set / and X 1 : I — >• A + . 

Let 5" be an object of QCoh(Op(G)^j° b ' iriod ). We claim that 
(11.2) Glue(CT™ h c ) °S G oj* o (v A ,)*(?) ~ coeff c G xt G o q-Hitch A , (J). 

Clearly, (jll.2[) would imply the required assertion. 
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11.2.4. First, we note that the isomorphsim 

j' (ciue(CT™ h c ) °S fi oj,o (v v )„(?)) ~ j* (coeff c G xt G o q-Hitch A , (?)) 
follows from Corollary 110.4.51 

Second, we note that, by definition, 

Glue(CT- h c ) ° 2 G o (v Al )*(£0 ^ j! ° j* (ciue(CT^ c ) o ~ G o (v A , )*(?)) . 
Hence, it is enough to show that the canonical map 
(11.3) j! o j* (coeff G G o q-Hitch Af (£F)) -> coeffg^ o q-Hitch Af (J) 

is an isomorphism. 

11.2.5. We consider the category Whit(G, G) oxt as acted on by the monoidal category 
Rep(G)p> an (x)7 an( i recall that the functor coeS^ G respects this action. 

Consider the cone of the map ([11.3P ; denote it by M'. On the one hand, by Theorem llO. 3.4( b). 
the action of Rep(G) Ran (x) on M' factors through 

Rep(G) Ran(x) L °^r° QCoh(LocSys G ) A QCoh(LocSys G rcd ). 
On the other hand, we claim that for any M 6 D-mod(Bun G ), the action of Rep(G) Ran (x) 

on 

JVC' := Cone (j, o j'(coeff G xt G (M)) -)• coeff G xt G (M)) 

factors through 

LoCq , 

Rep(G) Ran(x) — % QCoh(LocSys G ) -> QCoh(LocSy 

where QCoh(LocSys G ) LocSys rcd is quotient of QCoh(LocSys G ) by the monoidal ideal given by 
the embedding QCoh(LocSys G rcd ) A QCoh(LocSys G ). 
This would imply that M' = 0. 

11.2.6. It suffices to check that for any proper parabolic P C G, the action of Rep(G) Ran (x) 
on 

coeff G , P (M) e Whit (G,P) 

factors through 

Rep(G) Ran( x) A PCC QCoh(LocSys G ) QCoh(LocSySp). 
By (17. 3j) . it suffices to establish the said factorization for the object 

CTf? h (M) e I(G,P). 
Now the required assertion follows from Quasi-Theorem l6.6.2r b'l. 

11.3. Proof of the equivalence. We will now show that the functor L G , whose existence was 
proved above, is an equivalence. 
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11.3.1. First, we claim that L G is fully faithful. This follows from Corn ectures 19.3.71 and 18.2791 

To prove that L G is essentially surjective, it is enough to show that the generators of 
D-mod(Bun G ) belong to the essential image of L(j. 

By Theorem 1 1 1 . 1 . 1 1 and Proposition I10.3."27 b), the category D-mod(Bun G ) is generated by 
the union of the essential images of the following functors: 

• Eisp : D-mod(BunM) — > D-mod(Bun G ) for all proper parabolics P C M. 

• q-Hitch A/ : QCoh(Op(G)f° b ) ->• D-mod(Bun G ) for all finite sets I and X 1 : I -> A+. 

11.3.2. First, we claim that the essential image of Eisp is contained in the essential image of 
Lg. This is equivalent for the corresponding assertion for the functor Eisp" h . 

For the latter it suffices to show that the essential image of the functor 

Whit(G, G) oxt 

Tcoeff^o 

D-mod(Bun G ) 

Eis^ h | 

I(G,P) 

is contained in the essential image of the functor 

Gluc(G) spcc °- G > Whit(G,G) cxt 

Glue(CT^) 

IndCoh Nilp gob (LocSysg). 
However, this follows from from Quasi-Theorem 19.5.31 

11.3.3. A digression. Let D-mod(BunG)Ei s denote the full subcategory of D-mod(Bunc) gen- 
erated by the essential images of the functors Eisp, for all proper parabolics P C G. By the 
above, the subcategory D-mod(BunG)Eis is contained in the essential image of the functor Lg- 

Since the functors Eisp preserve compactness, we obtain that every M € D-mod(Bunc) 
canonically fits in an exact triangle 

M E i s -> M M cusp , 
where M E i s £ D-mod(Bun G ) E i s and M cusp G D-mod(Bun G ) cusp . 

11.3.4. It remains to show that for a finite set /, A 7 : I — > A + , and 3 G QCoh(Op(G)^ 1 f ob ), the 
object q-Hitch A / (5") belongs to the essential image of Lg- 

By the above, it is sufficient to show that the object 

(q-Hitch A ,(J)) cusp 

belongs to the essential image of L G - 
We will construct an isomorphism 

(L G (S 6 o (v A ,)*(J))) cusp ~ (q-Hitch A , (J)) cusp . 
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Remark 11.3.5. It will follow a posteriori that we actually have an isomorphism 

L G (~ G o (v A i).(ff)) ~ q-Hitch A ,(J), 
which amounts to Property Km plcl in Conjecture 13.4.21 

11.3.6. Let us construct a map 

(11.4) L G (S G o (v v ),(5)) -> q-Hitch v (J). 
By Conjecture 18.2.91 this amounts to a map 

(11.5) coeffg^ oL G (S G o (v v )*(J)) -»• coeffg^q-Hitch^J)). 
Note that by Corollarv llO.4.51 we have an isomorphism 

coeff G , G oL G (S G o (v A j)*(5F)) coeff G , G (q-Hitch A /(J)). 
Furthermore, by construction, the map 

j, o j« (coefFgf G oL G (S G o (v A x)*(J))) coeff c G xt G oL G (S G o (v A i)*(J)) 
is an isomorphism. 

This gives rise to the desired map in (111.51) . 

11.3.7. Let M denote the cone of the map (|11.4|) . By construction, 

j' o coeff G < i t G (M) = coeff G , G (M) = 0. 
We wish to show that M cusp = 0, which is equivalent to showing that the canonical map 

M -> M cusp 

vanishes. 

By Conjecture 18.2.91 it suffices to show that the map 

coeffg^M) -> coeff G < ! t G (M cusp ) 

vanishes. 

However, since M cusp G D-mod(Bun G ) cusp , the canonical map 

coeff GiG (M cusp ) -> j. oj , (coeff Gi t G (M cusp )) 
is an isomorphism (see Corollary 18.4. 3p . 

Hence, the required vanishing holds by the (j*, j.)-adjunction. 

11.4. Proof of the properties and further remarks. 

11.4.1. Thus, the equivalence L G , satisfying Property Wh ext , claimed in Conjecture I3.4.2f a) 
has been constructed. Let us now prove the properties claimed in Conjecture 13.4.2T b). 

Property He naivc follows from Corollary |9XS 

Property Ei enh follows from Property Wh ext and Quasi- Theorem 19.31 

Property Km prcl follows from Property Wh ext and Theorem 110.4.51 combined with the fact 
that the essential image of the functor Loc G belongs to D-mod(Bun G )t om p, using the intrinsic 
characterization of the latter given in Sect. 14.6.71 (see Remark ll0.1.9|) . 
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11.4.2. Inter- dependence of the conjectures. Recall, however, that the above proof of Conjec- 
ture [3A2] was conditional on the validity of Conjectures 19.3.71 18.2.91 and 110.2.81 

Let us now assume Conjecture 13.4.21 and comment on the above supporting conjectures. 

First, we note that Conjecture 110.2.81 follows formally from Conjecture 13.4.21 and Theo- 
rem miu 

Second, we note that Conjectures 19.3.71 and 18.2791 are equivalent modulo Conjecture 13.4.21 

11.4.3. Implications for the cuspidal category. Let 

IndCoh Nilp giob(LocSys ( j) CUS p C IndCoh Nilp gob (LocSys G ) 

be the full subcategory equal to the right orthogonal of the essential images of the functors 

Eis p, spC c : IndCoh N . g i„ b (LocSys A7 ) -> IndCoh g io b (LocSys G ) 
for proper parabolics P C G. 

The following results, e.g., from Proposition 16.4.71 
Corollary 11.4.4. The subcategory IndCoh Nilpg iob (LocSys G ) cusp equals the image of 

QCoh(LocSys G rod ) QCoh(LocSys G ) ^ IndCoh Nilpg i„b(LocSys G ) cusp . 
Hence, assuming Conjecture 13.4.21 we obtain: 
Corollary-of-Conjecture 11.4.5. 

(a) We have an inclusion D-mod(Bun G ) cusp C D-mod(Bun G )t e mp- 

(b) We have: 

D-mod(Bun G ) cusp = QCoh(LocSysji rcd ) ® D-mod(Bun G ) 

QCoh(LocSys e ) 

as subcategories o/D-mod(Bun G ). 

11.4.6. Generation by Kac-Moody representations. Finally, we note that if we accept Conjec- 
ture [Tn37/ini by combining with Conjecture 13.4.21 we obtain: 

Corollary-of-Conjecture 11.4.7. The functor 

Loc G : KL(G7, K) Ran(X ) -> D-mod(Bun G ) tC mp 

is a localization, i.e., identifies the homotopy category of the target with a Verdier quotient of 
the source. 
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